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Chapter 1

Week 1: Induction

1.1 Induction

[ Definition 1.1.1: Induction

Suppose you have a sequence of statements S, .52, S3, .... Suppose you show that (a) S; is true. (b) When-
ever Sy is true, Sy, is also true. Then all S,, are true.

Theorem 1.1.2: Well-ordering Principle (WOP)

If Sc N ={1,2,3...} that is nonempty, then it has a minimal element, i.e, there is a € S such that for any
beS,ax<b.

({5,6,2,3} cN)

Proof. Proof that WOP — Induction
Let S = {k ¢ N: S}, is true}. It suffices to shows that S = N. Assume to the contrary that S # N.
Let T':= N/S. We are assuming that 7" #+ &, and we want to reach a contradiction.

By the well-ordering principle, T" has a minimal element m. Since S; is true, 1€ S,andso 1 ¢ T = m > 2.

Consider m—1> 1. Since misminimalin 7, m-1¢7T =— m-1¢S =— §,,_; is true =— S, is true —

meS =— m¢T.

But m € T, so we have a contradiction.

[ Proposition 1.1.3

1+2+3+...+n:n(nT+1)
. . n(n+1)
Proof. Let S, :=1+2+3+..+n. We use inductions to show that S,, = ———=
1(1+1
Base Case: n=1,51 =1, (2+ ):1

O
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k(k+1) _ (E+1D)((k+1)+1)

If S;, = , then Sj.1 5 . Indeed, we have
1 1 2
S,m:1+2+3+...+k+(k+1):Sk+(k+1):@wku):W
Induction concludes the proof. O
[ Proposition 1.1.4
I, = f t"et dt = nlforn > 0
0
Proof. We use induction.
The base case is that I = 1. Indeed,
Iozf etdt=—et| =0-(-1)=1
0 0

Now, it suffices, by induction, to show that if
I, = k!, then I,; = (k+1)!
We have

It = f tnet dt
0

= —thtlet +/ (k+1)tret dt
0

0
= (k + 1)Ik

(k+1) (k")
=(k+1)!
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Chapter 2

Week 2: Strong Induction; Dyadic

Induction; Backwards Induction

2.1 Induction

Example 2.1.1.
(1) Arithmetic:

n+(n+1l)
2

[ t"e t dt = n!
0

1+2+3+...+n=

(2) Calculus:

Proposition 2.1.2

_ 2n+1)(n+1)n

S,=12+22+ .. +n? 5

Proof. We apply induction on n

The base case is when n = 1. In this case,

S1=1°=1
and
1(2+1+1)(1+1) -
c =
We have now show that for any k, if
k(2k+1)(k+1)

Sk .

then
(E+D)QKk+1D)+1)((k+1)+1)
6

Sk+1 =
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Indeed, we have

Spp1=12+22 432+ L+ k2 + (k+1)2

=S, +(k+1)2

_ k(2k+1)(k+1)

_ k(2K + 16)(k +1) +6(k +1)?
(k+1) (k(2k;6+ 1) +6(k+1))
(k+1)(2k% + 76k+ 6)

6
_(k+1)(2k+3)(k+2)

6

+(k+1)?

[ Proposition 2.1.3

Suppose n € N and we have a 2" x 2™ board with a corner removed. Then we can tilt it suing tiles of L-shapes
blocks.

Proof. We apply induction on n.

If n = 1, then our board is simply L-shape.

Now suppose we have such a tiling for 2" x 2" boards with a corner removed.

We want to show that such a tiling is possible for 2"*! x 2"*! boards with a corner removed. The L-shape can be

inserted into the intersection of three other 2" x 2" with a corner removed. Thus it will work. O

[ Proposition 2.1.4

\/2+\/2+\/2+\/+...+\/§:2cosz:+1

Proof. We apply induction on 7.
When n =1, f(1) = V2 while 2cos 57+ = /2 as well.
Now suppose the identity is true for k, that is
™
ok+1

f(k) =2cos(5577)

We want to use this to show that f(k +1) = 2cos(55=)
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Note that
fk+1) =2+ f(k)
= /2+2cos(2]%)
=\/§\/1+cos(%) Applying1+cosx:2cos2(g)
= V2, /2 cos(55)

™
= 2cos(2k+2)

[ Proposition 2.1.5

Define the sequence
ay = ﬂ,anﬂ = \/§an, forn>1

Does this sequence converge?

Claim 1. It is an increasing sequence (for every n, a,, < a,+1). We show this by applying induction.
V2

Base case (n = 1) : a; < ay because /2 < /2

Suppose now that a;, < a1 for a give k. We want to show that this implies that that

Ak+1 S Af+2

However,
aj Q+1
Ak+1 = \/5 and Ay = \/5

We want to show that

\/Eak < \/§ak+1

Since ay, < agy1 and f(z) = V2" is an increasing function. We are done.
Claim 2. For any n,a, < 2.

We apply induction on n.

Base case (n=1) a; < V2<2

Suppose a;, € 2 for some k, then

2
arey = V2 <V =2

By induction, a,, < 2 for all n.

Conclusion. So the sequence (a,,) converges to some L < 2
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Problem 1

What is L?

We have
Ay limy, oo Gn L
L= lim a, = lim ans = lim V2 " =V2 =2

n—00

Solution

The solutions to L = \/§L are L =2 and L = 4. But, using claim 2, we have

[ Proposition 2.1.6

Every number in the sequence
1007,10017,100117, ...

is divisible by 53.

Proof. Base Case:
1007 =53 + 19 = aj; is divisible by 53

Ap+1 = 10(ak - 6) +7= 10ak -53

So if ay, us is divisible by 53, then ay, is also divisible by 53. O

[ Proposition 2.1.7

If o is a real number that

then for every n e N

an—l

«

Proof. We use Strong Induction.
For n = 1, we are given that

1

a+—€eZ

«

Consider n + 1.
1 1 1 1
o™t =(@"+ —)(a+=)- ("' + —)
a™ «

an+1

. . . 1 1 _ 1 . . . .
By strong induction, since o™ + —.,a+ —,a" Ly — € Z by assumption, the identity implies that
a a an

1
a4 €7
an+1
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By strong induction, the conclusion follows. O

Theorem 2.1.8: Strong Induction

Suppose we have a sequence of statements
Sla SQ) S?n

such that
(1) S istrue.
(2) For every N, if Sy, is true for every k < N, then Sy.

It then following that S, is true for every n.

[ Proposition 2.1.9

For every integer n < 1
3m28" 41

Proof. Base Case: For n =1, we have

9=3"12% +1-9
For n + 1, we have

25" p1=(28")3 41

=2 +1)((2%)2-2%" +1)

This is using the following formula:
a®+b% = (a+b) (aQ—ab+b2)
Also note that
n 2 n n 2 n
(2") =2 +1=((-D¥) - (-D* +1=0 (mod 3)

that is, (23" )2 - 23" +1 is always divisible by 3.
The inductive hypothesis implies that 2°" + 1 is divisible by 3"*!. Using the identity above, we obtain that

31+223"" 1 1. Thus, the proposition holds for n + 1 if it is true for n.

The conclusion follows by induction. O

[ Proposition 2.1.10

For every k e N,
EOES 2%k
k::— — _— — Z
Jk) = 5 5 05 €

Proof. We will solve this using induction on k.

10
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First, note that
15KT +21K° + T0k3 - k

S (k) 105

The claim is equivalent to
10515k +21k° + T0k® -k =1 g (k) ~ forevery ke N

Base Case: k=1:
g(1)=15+21+70-1=105 is divisible by105

Suppose 105 | g (k). I claim that then 105 | g (k + 1).
It suffices to show that 105 | g (k+ 1) — g (k)

However,
g (k+1)-g(k)=105k5 + 315k° + 630k + 735k> + 735k + 420k + 105

is divisible by 105 because all coefficient are divisible by 105 and k € N.

The conclusion follows from induction. O

[ Property 2.1.11: Review on induction

(1) Usual Induction

S1,85,853, ... sequence of statements

(1) S true

(2) forany keN,S, =— Ski1
This implies that S, is true for every n.
(2) Strong Induction

(1) S true
(2) foranykeN, (51,...,5,) = Sk+1

This implies that S, is true for every n.

Problem 2

If a € R such that

the for every n e N,

11
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Solution

Argument relied on the identity

()l ) )
Ayl + =|la+ — a +— )|« + I
Qptl @ am a™

Problem 3

Every natural number can be written in the form

£12+ 422 £ 32 1 n?

Proof. Note that

1=+1?
2=-12-22-3%4+42
3=-12+2?

4=12-22-32+42

Now, in order to repeat the other natural numbers, we do an induction of the form "If k£ can be represented in

that form, so can k + 4
This follows from the identity

4=m?=(m+1)> = (m+2)°+(m+4)° for every m

d+k=+12% . xn?+(n+1)° - (n+2)° - (n+3)*+(n+4)°

Problem 4

Forevery Ne N, N > 2

2V3V..vV/N<3

[ Proposition 2.1.12: Generalization of the problem 4

\/m\/(m+1)\/...—\/ﬁ<m+1

This is a generalization of the problem.

For everym e Nym < N

12
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Proof. We do backwards induction on m starting from m = N.

Base case: m = NN, in which case we have

VN <N+1

Induction hypothesis: Now assume it is true for m = k,m < N, that is,

\Jk\/(kn)\/(km)mmu

Induction step: Using this, we deduce it for m = k - 1 by noting that

\J(k—l)\/k (k+1)V.VN<J(k-1)(k+1)=Vk2-1<k=(k-1)+1

Theorem 2.1.13: Dyadic Induction

Supper we have sequence of statements

S17527 SS?

Suppose

(1) Syistrue

(2) forevery k, Sop == Sor+

(3) whenever S, is true, S,, is true

It then follows that S, is true for every n.

Theorem 2.1.14: Arithmetic mean - geometric mean ineqaulity (AM-GM Inequality)

If z1,..,z, > 0 (real) numbers, then

Proof. For n =2, this is

T + T2

T > VX1T2

ST+ T 2 2/T122
<r] —2/T1T2+ 2220
< (Vx1 - \/x2)2 >0

Induction Hypothesis: Suppose it is true when n = 2"

13
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Induction Step: We show that this implies that it is true for n = 2**!. Indeed,

1+ ...+ Tok Tokyq + ... Tok+1
+

T1+ ...+ Tok+1 _ 2k 2k
9k+1 - 2
21 Tk + 2/ Tokr1. Lokt
> VLT 2\/ AR Applying Induction Hypothesis: inequality holds for n = 2"

> \/ 21T g Tkt \/Tgk—14 Lok 9. Lok Applying Base Case n = 2
_ 2k+1
= VL1L2...Tok

So we know by induction on the power k in n = 2* that inequality is true for powers of 2. It suffices then to show
that if the inequality is true for n = m + 1, m € N, then it is true for n = m.
Consider m numbers > 0,

L1yeeey T

Extend this to a sequence
L1,L2, 0y Lm, V/X1... T

I now have m+1 elements.

Assuming the truth of the inequality for n = m + 1, we have

X1y + Y/ T1...0m

m+

> "N T T YTy T, = T T,

m+1
Algebraic manipulation gives

r1+...+Tm,

2 YT Tm

T1+ .t T+ VT Ty 2 (m+ 1) Yy x,, —
m

14
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Chapter 3

Week 3: Binomial Coefficient

3.1 Comment on Problem 2

Problem 5: Problem 2 on homework

Zk-3k:§((2n—1)-3"+1)
k=1 4

Zk-xk:a:+2x2+...+nx”
=1

Solution

Consider

n n+l _ 1

T

],‘k _
k=1 -1

Differentiating both sides to x, we obtain

n n+l _
1+2:17+3:E2+..+n:r”71:(n+1)x _2 ;
z-1 (x-1)

Multiplying by x, we obtain

3.2 Binomial Coefficient
Definition 3.2.1: Binomial Coefficient
Take 0 < k < n integers, and define

(Z) = # {k- element subsets of an n element set}

15
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Example 3.2.2. Take the set containing { Frank, Casey, Emerson, Kamilah}
There are 6 pairs: {F,C},{F,E} {F,K},{C,E},{C,K},{E,K}
The first person may be chosen in 4, and the second person may be chosen in 3.

The answer is % = 6. (Division by two because pairs were counted twice)

Lemma 3.2.2.1

(Z) TR (nn!— k)l

Example 3.2.3.

Proof. The first person may be chosen in n ways.

The second person in n — 1 ways.

The k™ element in (n - k + 1) ways.

So the number of ordered k-element subsetisn(n—-1),....,(n—-k+1)

The ordering should be removed. So far each k-element subset is counted £!.

Therefore,

(n): nn-1)..(n-k+1)

k k!

[n(n-1)...(n-k+1)][(n-k)(n-k-1)..1]
El(n-k)(n-k-1)...1]

n!

Tk (n-k)!

Example 3.2.4. Suppose there are 100 employees. In how many ways can we create groups with exactly 4

members?

Solution

(100) 100! 100-99-98-97
4 ) 496! 24

Lemma 3.2.4.1

k! always divides the product of any & consecutive integers.

16
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Proof. (1) We start with the situation where the largest number among the % consecutive numbers is n < k:

The product of these k consecutive numbers with largest number n would be:

nn-1)(n-2)..(n-k+1)

(Z): n(n—l)..é!(n—k+1)

is an integer because it is counting the number of k-element subsets of an n-element set

Sk n(n-1)..(n-k+1)

(2) Another situation is that the sequence of consecutive numbers contains 0 :

The statement is obviously true, k! | 0

(3) If they are all negative:
Then up to a sign, we can reduce it to the first situation.

Note. n does not have to be larger than &, because things like

(-2) (-3) (-4) = (-1)* (2-3-4)

O
Theorem 3.2.5: Newton’s Binomial Theorem
Suppose n € N, a, b variables
(a+b)"=>" (n)akb”_k
f=0 \k
Example 3.2.6.
(a+b)° = a®+2ab + b
(a+b)° =a®+3a?b + 3ab® + b
Proof.
(a+b)"=(a+b)(a+b)..(a+b) There are n times
If I chose k of the brackets and have a coming from it, then the other n — k breakers contribute b.
The number of ways of choosing k of the (a + b) terms is (Z)
Also, we could have k € {0, ...,n} a’s, thus, the sum is from k=0 to k = n.
So
(a+b)"=>" (n)akb"_k
i=o \k
O

17
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3.3 Identities regarding binomial coefficients
[ Property 3.3.1 |
(n) + (n) ot (n) =2"
0 1 n
Proof.
- (1 - (1 k q1n—-k
= .1F.1
2020
=(1+1)" (Newton’s BT)
=9n
0

Combinatorial Argument:

* This identity is counting the number of subsets (including the empty subset) of a set with n elements. Each

element is either in the subset or not, a state with two possibilities. Therefore, the number of subsets is 2",

which is the right hand side of the identity.

* On the other hand, we could count subsets of size k& and then sum over all possible sizes k. For each such £,

n

k
various sizes of an n-element set, which is the left hand side of the identity.

there are (

[ Property 3.3.2

Whena=-1,b=1

[ Property 3.3.3

([, e

18

) subsets of size k. Summing over all such possible k, we obtain the total number of subsets of
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Proof.
( n ) _ n!
n-k) (n-k)!(n-(n-k))!
n!

C(n-k)k!

(i)

&

O

Combinatorial Argument:

(n - k)-element subset of the n-element set.

[ Property 3.3.4

For1<k<n,

Problem 6

Show this algebraically.

Proof. The following is a combinatorial proof. Rewrite the identity in the form

()=o)

Let’s count something in two different ways.

Consider pairs (A, z), where A is a subset of size k and x € A (of an n-element set).

Whenever you choose a k-element subset of an n-element set, the complement is an

We can count the number of such subsets by first selecting A in (Z) and choosing = € A in k ways. There are

k(:) such pairs.

Another way of counting such pairs is selecting = € {1, ...,n} in n ways and then choosing the other k-1 elements

-1
to form a subset A of size k. There are n(z 1) ways of doing this.

[ Property 3.3.5: Pascal’s Identity

For 1 < k < n, we have

(=("") ()
= +
k k k-1
1
1,2,1
1,3,3,1
1,4,6,4,1

O

Indians had this before (as early as 500s), Yang Hui triangle in China (1050s and 1250s), Khayyam (1050s)
/ Al-Karaji (950s) Persians, Pascal (1650s)

19
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Combinatorial proof: Take the set {1,2,...,n} with n element.

Split the problem in two:
(1) Count the subsets of size k£ contain 1
(2) Count the subsets of size k not containing 1

-1
number of subsets of size k not containing 1 = (n X )

-1
number of subsets of size k containing 1 = (n )

(-0 )+ ()

Therefore,

The triangle could be written in

Problem 7: Vandermonde’s Identity

F()I'lSkSm-i—n, 7)L,TL,]€€N
(m TL) _k()(m)( . )

Proof. Suppose we want to choose k elements from a set with m + n elements.
. . (m+n
This can be done in ( ) ) ways.
I will count this in different way:
Take the set {1,2,3,....m,m+1,...m+n}
If i of the elements of the subset are among the first m, than the rest (k-i) elements have to be among

{m+1,..m+n}.

— (1) o

Now, 7 could be

So summing from i = 0 to ¢ = k, we obtain

Proof. Skech of alg. proof

m + n . . m+n m + n .
Note that ( k ) is the coefficient of z* on (1 +2)™"" = Z ( . )xl
i=0 ¢

20
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On the other hand,
(L+2)™"=Q+2)" (1+2)"
(MY n\ . . . .
= (Z ( ) )x’) (Z ( ,)xj ) Newton’s Binomial Theorem applied twice
i=0 \ ¢ j=0 \J
m+n m n l
-2 | 2 )0)
1=0 \i+j=l N/ \J
m+n [ 1 m n .
Coefficient of z* is exactly
koim\( n
2 (765
O

[ Corollary 3.3.6

When m = k = n, we have

Problem 8

Solution

Suppose we have n people. If we choose & of them in (

n
k

prime minister also in k ways. There are k2 (Z) ways of doing all this.

Since k can be any of 1,2, ...,n, we have a total of }}_; kz2(’;) ways of doing this.

Let’s count this is a different way.

(1) Case 1: King = PM.

Choose this person in n ways, and then choose a subset of the other n — 1 people in 2"~! ways.

So when King = President, we have n2"~! communities.

(2) Case 2: King + PM

In this situation, we choose the King in n ways, and the PM in n — 1 ways.

Then we choose the citizens in 2”2 ways.

21

) ways, the King can be choosen in k& ways, and the
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All this can be done in n (n - 1) 2”72 ways.

Thus,
> kQ(n) =n2" 4 n(n-1)2"2
=1 \k

Proof. Sketch of alg. proof.
The idea is similar to the calculus computation of

Consider

differentiating once, we obtain

Multiply by x to get

i ( )a: =nx(1+z)""

=0

e

Differentiating again, we get

;;ok2(2)mkl [ e) s (-1 ()]

Set x = 1 to get the result.

Problem 9

Show that

In other words

Proof. We induct on n > 0.

If n =0, then
508
= ~\o/ o
and 2" = 1 Suppose it is true for n. We show it for n + 1. Let

o £

k=0

22


https://jacob-southerncity.github.io/

jacob-southerncity.github.io 3 - Identities regarding binomial coefficients Jacob Ma

Then
14k 1
f(””):z( k )27

k=0
n+k n+k\11 2n+2\ 1 , :
[( L )+(k—1)]27+(n+1)2"+1 Pascal’s Identity

(n+k) i(n+k)i+(2n+2) 1
k 2k o \k-1)2Fk n+1/2n+1
——

f(n)

_f(n)+ Z(n+k) (2n+2)2n%

n+1

M3

1+

k=1

1+

s

Do a change of variables, let i = k-1

1/2n+2 17 1 1
=f(n)+ —( n:1 )— 3 Z (n T Z) 5 Pascal’s Identity on the second term
n n = 7

n—-1
_f(n)+1Z(nfh—z)i+1[(2n+1)i+(2n+1)i]
270 1 2n 2 n n n+1)/)2n
Weknow((n+1)+n)i:(n+1+(n+1)) 1 @(2n+1):(2n+2)1 Applying(”):ﬁ(”‘l)
+1 AL n+1 on+l n n+l/92 k w\k_1
17 i+ 144\ 1
w5y (" )y

=0

1

f(n+1)
= f () + 55+ 1)

We have shown that
Fe1)=f )+ 3f (1) = f(n+1)=2f ()

By assumption, f (n) =2" = f(n+1)=2""! O
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Chapter 4

Week 4: Division Algorithm; Divisibility

4.1 Division algorithm
Theorem 4.1.1

Suppose a,b € Z,b > 0. Then there are unique integers ¢ and r such that

a=bg+r, 0<r<b

Example 4.1.2. Suppose b = 4. Then this is saying that given a € Z, it can be uniquely written as

a=4q+r, wherere{0,1,2,3}

Proof. We use the Well Ordering Principle. Consider the set
S:={a-bx|a-br>0,xeZ}

S + @ because if © = —|a|, we obtain

a-b(—|a])=a+bla]2a+|a|>0
By the well ordering principle, there is a ¢ € Z and r € Z such that
r=a-bg>0
and r is minimal.

Lemma 4.1.2.1

0<r<b

Every elementin Sis >0,and re€ S = r > 0.
Assume to the contrary that r > b.

Thentake z =¢+1 —
a-b(qg+1)=(a-bg)-b=r-b20.
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However, this would imply that 0 <r - b e S.
But r — b < r, contradicting the minimality of » in S.

This means that we have found ¢,r € Z, 0 < r < b such that a = bg + r.

Lemma 4.1.2.2

q,r € Z such that a = bqg + r, 0 < r < b must be unique.

Suppose that we have another pair ¢;,7; € Z such that
a=bqy+ry, 0<r<b
In order to show uniqueness, it suffices to show that
qu=qandr;=r
Consider

a=bqg+r (1)
a=bq +1 (2)
(1)-(2):
0=b(qg-q1)+(r-rm) = r-r=b(qg-q)

Take absolute values

= [r-rl=blg-a|  (3)
0<r,r<b = |r-r|<b = blg-q|<b = 0<|g-q1| <1

However, ¢,q1 €Z = |q—q1| € Z.
Therefore, |¢—¢1| =0 = ¢1 =¢
This also implies, by (3), that

[r—ril=0blg—q:|=0 = r1 =1

4.2 Application of Division Algorithm
Problem 10

What are the possible remainder when a perfect square is divided by 3?

Solution

Suppose our perfect square is n?,n € Z.

By the division algorithm,

n=3k or 3k+1 3k+2 forsomekeZ
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(1) n=3k:

Then n? = 9% divisible by 3 = remainder = 0.

(2) n=3k+1:
Then
n?=9k>+6+1
=3(3k% +2k) + 1
— remainder = 1.
B) n=3k+2:
Then

n?=9k%+12k +4

=3(3k” +4k+1)+1 = remainder = 1

Thus, only 0 and 1 are possible remainders.

Problem 11

What are the possible remainders when a perfect square is divided by 4?

Solution

We get a rough sense of the answer by writing out perfect square from 0 to 3, find only 0 and 1 are possible

remainders. Below is the formal reasoning:

Suppose n?,n € Z, is our perfect square. By the division algorithm, n = 2k or n = 2k + 1,k € Z.

(1) n =2k (even):

Then n? = 4k? is divisible by 4.

(2) n=2k+1 (odd):

n? =4k +4k +1
=4k (k+1)+1

= remainder =1
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Problem 12

When an odd perfect square is divided by 8, the remainder is always 1.

Problem 13
Show that no number in the (infinite) sequence
11,111,1111,11111, -
is a perfect square.
Proof. All numbers in the sequence have a remainder of 3 when divided by 4.
11,1111 =100 + 11,1111 = 100 % 11 + 11, ---

However, the possible remainders of a perfect square divided by 4 are only 0 and 1. O

Theorem 4.2.1: Fermat

If p is an odd prime, then it can be written as a sum of two perfect squares if and only if it has remainder 1
when divided by 4.

Full proof will come much later, but we will show the easy part:

[ Proposition 4.2.2

If we have an odd number, that is a sum of two perfect squares, then it must have a remainder of 1 when
divide by 4.

Proof. Suppose n € Z is odd and n = a? + b? for some a, b € Z.

a?,b? are perfect squares, and so only possible remainders when divided by 4 are 0 and 1.

== only possible remainder of n when divided by 4 are 0 + 0,0+ 1,1+ 0,and, 1 + 1, in other words, 0,1, 2.
Since n is odd, 0 and 2 are not possible.

The conclusion follows. O

4.3 Divisibility

[ Definition 4.3.1: a | b

Suppose a,b € Z. We say that a divides b, and write a | b, if there is an integer ¢ such that b = ac.
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Example 4.3.2.

1|n,n=1n
nlinn=n-1
316,10 20
3+2

3+5

[ Definition 4.3.3: Greatest Common Divisor (gcd)

Suppose a,b € Z. Then a positive integer d is called the greatest common divisor (gcd) of a and b if
(1) d|aandd]b

(2) ceNsuchthatc|aandc|b = c<d

Example 4.3.4.

(1) ged(4,6)=2
4 has divisors 1,2, 4.
6 has divisors 1,2, 3,6
(2) ged(-5,5)=5
Positive division of -5:1,5

5:1,5

Problem 14

ged (2016! +1,2017! + 1) =?
We will use the following fact:
(dfa, d|b)<(d]a, d|b-a)
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Solution

ged (2016! + 11,2017 + 1) = ged (2016! + 1, (2017! + 1) — 2017 (2016! + 1)) Applying the fact given above

= ged (20161 + 1, (20171 + 1) — (20171) - 2017)
= ged (2016! + 1,-2016)

= ged ((2016! + 1) — (2015!) (2016) , ~2016)

=ged (1,-2016)

=1

Problem 15: Exercise

If F,, are the Fibonacci numbers, then ged (F,, Fry1) = 1
ng (Fm7 Fn) = Fgcd(m,n)

[ Proposition 4.3.5

Suppose k,a,b e Z. Then for d e N,
(d|a,d|b) < (d|a,d|b-ka)

= {deN:d|a,d|b}={deN:d]|a,d|b-Fka}
= max{deN:d|a,d|b} =max{deN:d|a,d|b-ka}

ged (a,b) = ged (a,b - ka)

Recall that the Fibonacci sequence is recursively defined as Fy = 1, F; = 1, and
Foi1=F,+F,1 forn>1

We have
1,1,2,3,5,8,13,21,34, 55, ...

Problem 16

Show that for every n,
ng (Fn, Fn+1) =1

Proof. We use induction on n.
Base case: For n = 0, we have
ged (Fo, Fy) = ged (1,1) = 1

Induction Hypothesis: Assume the statement is true for n = k.
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Induction Step: We show that this implies the validity for n =k + 1

ged (Fi1, Fryz) = ged (Fiy, Fre1 + Fi)
=ged (Fie1, (Fie1 + Fr) = Fie1) Using ged (a,b) = ged (a,b-a)
= ged (Frs1, Fi)

By the inductive assumption, this latter quantity is 1.

The conclusion follows induction. O

4.4 Basic Properties of Divisibility

Theorem 4.4.1

(D
n|n,1|n,n|0
2
albblc = alc

€))

albbla = a+b
4

albbx0 = |a| <|b|
)

dla,d|b = Vax,yeZ, d|ax+by

Proof. (1) Clear

(2) a|b = Thereis r € Z such that b = ar.

b|c = There is s € Z such that ¢ = sb
= c=sb=s(ar)=(rs)a
= alc

(3) If one of a,b is 0, the other must also be 0. 0 | 0 < There is n € Z such that 0 =n -0

Then the conclusion is clear.
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Otherwise,
a|lb => b=raforsomereZ
bl|a = a=sbfor some s €Z
= a=rsa
= rs=1
— r=x]
(4) alb,b+0.

There is r € Z such that

b=ra
= [b] = |r||al

= bl =[rlla| > a

(5) Ifd|a,thena=dr,reZ
Ifd|b, thenb=ds,seZ

If z,y € Z, then

ax + by =drx + dsy
=d(rx + sy)

= d|ax+by

Theorem 4.4.2: Main theorem about geds: Bézout’s Theorem

Suppose a, b € Z, at least one of which is nonzero.

Then there are integers m,n € Z, such that
ged (a,b) = am +bn

Example 4.4.3.
1=ged(5,2)=5-(1)+2-(-2)

Proof. We use the well-ordering principle. Consider the set
S:={ax+by:x,yeZ,ax+by>0}.

Assume without loss of generality that a # 0.
Ifa>0,thena=a-1+b-0¢8S.
Ifa<0,thenlja|=a-(-1)+b-0€ S
Therefore, S + @.
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By the well-ordering principle, S has a minimal element d > 0.
The claim is that d = ged (a, b).

We first show that d | a,d | b.

Let’s show that d | a.

By the division algorithm,

a=dg+r, forsomegq,reZ, 0<r<d.

Since d € S, there are z,y € Z, such that
d=axr+by
Then

r=a-dq
=a-(ax+by)q
=a-azxq-byq

=a(1-xq)-byq

And so r is a linear combination of a and b.

If » > 0, then » would contradict the minimality of d.

This contradiction implies that r =0 = d | a.

The exact same argument gives d | b.

Now we show that d is the greatest common divisor of a, b.
Ifcla,c|b = clax+by=d = |c|<|d|=d

So d = ged (a,b). O
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Week 5: GCDs; Congruence

5.1 Divisibility and gcds
Last time, we proved the Main Theorem on gcds:

Theorem 5.1.1: Main Theorem on geds

If a,b € Z, at least one of which is nonzero, then there are m,n € Z such that

ged (a,b) = am +bn

Theorem 5.1.2

Suppose a,b € Z, at least on of which is nonzero. Then

ged (a,b)Z ={ax+by:x,y € Z}
Note: 27 = {-,-4,-2,0,2,4, -}
Proof. If we consider ax + by, x,y € Z, then since ged (a,b) | a,b, ged(a,bd) | ax + by.
= ax +by € ged(a,b)Z
Conversely, if we have a multiple nged (a,b), ne€Z, since
ged (a,b) = ax + by

for some z,y € Z,
nged (a,b) = anx + bny

This concludes the proof.
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[ Corollary 5.1.3:

Suppose a,b € Z as before. Then ged (a,bd) = 1 if and only if there are integers x,y € Z such that

l=azx+by
Proof. If ged (a,b) = 1, then the main theorem on gcds, there are z,y € Z such that
1=ged (a,b) = ax + by

If ax + by = 1, then since ged (a,b) | a,b, ged(a,b) |ax+by=1 = ged (a,b) =1

[ Proposition 5.1.4

Suppose a | be and ged (a,b) = 1. Then a | c.

Example 5.1.5.
4134

Proof. Since ged (a,b) = 1, there are integers x,y € Z such that
ar+by=1. (%)

Multiply both sides of (*) by ¢ to get

acx +bey = ¢
Note that a | ac and we are given «a | be. Therefore,

al(ac)z+(bc)y=c

Problem 17: Homework Problem

Ifpisaprimeand 1<k <p-1, thenp|(],z).

Solution

ZE(z):p(p—l)--é!(p—kH)

= kl|p(p-1)(p-k+1)

Since ged (kL,p) =1, k! | (p—1) (p—2) - (p—k + 1)
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[ Proposition 5.1.6

Suppose a,b € Z with ged (a,b) = 1. If a| ¢, b| ¢, then

ab | c.

Example 5.1.7.
2|n
3|n
=6=2:3|n
Proof. Since ged (a,b) = 1, we know by the main theorem on geds, that there are x,y € Z, such that

ax +by = 1.

Multiply by ¢ to get

acx +bey =c

Since b | ¢, ab | ac.

By the same argument, a | c = ab | bc.
We conclude that

ab | acx +bey = ¢

Problem 18

Show that
2122 - 7y* =9

has no integer solutions.
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Figure 5.1: 2122 - 7y? =9

Solution
Since 3|9 and 3 | 2122, 3 | 7. Since gecd (3,7) =1,

3y’ =y-y = 3|y
= y =3y, forsomey,€cZ

Therefore,

2122 - 7(3y1)* = 9
=212% -7-3-3y7 =9

=T2? -21y7 =3
Since 3 | 3 and 3 | 21y?, we must have 3 | 7z. Again , this implies that 3 |z == z = 3z, for some z; € Z

7(3z1)° - 21y =3
=212 - Ty7 = 1
<2122 —6y7 —yi=1
< (2127 -6y; -3)+2 =y
.

divisible by 3

This implies that y7 has remainder 2 when divided by 3.

However, no such perfect square exists.
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Problem 19

Show that

22+ 9% + 2% = 2zyz

has no integer solutions except for z =y = z = 0.

Solution: Sketch

Let k > 0 one the largest power of 2 such that 2* | z, vy, z. Write

w =2z, y=2"y, z=2"

Then 2 + y? + 22 = 2" 1o 9 2.
You can conclude that exactly one of x1,y1, 21 is even, say x.

This implies that

yf + zf = 2k+1x1y121 - x% Note that 2 | x4

=>4|y%+zf

Thus, there is a contradiction that y; z; are odd, thus %2 + 22 =1+1=2 mod 4.

5.2 Gceds and Congruences

[ Definition 5.2.1: Congruence

We say that a,b € Z are congruent modulo (or mod) n € N, and write a=b (mod n), if n|a —b.

Example 5.2.2.

-1=2 (mod 3)
7=3 (mod 4)
3=1 (mod 2)

11=2 (mod 9)

If a is odd, then a® = 1 (mod 8).
IfaeZ, thena®=0or1 (mod 4).
IfaeZ, thena®=0or1 (mod 3).

Problem 20

Are there integer solutions to 2122 — 7y% = 9
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Solution
See the solution back to Problem 18.
The point of the solution was that, in the notation of the solution to problem 18, we ended up with y? = -1 =

2 mod 3, which is impossible.

Theorem 5.2.3

(1) Ifa=b (modn)and c=d (modn),thena+c=b+d (mod n).

(2) Ifa=b (modn)andc=d (mod n), then ac = bd (mod n).

Proof. Since a=b (mod n),n|a—-b = there exists r € Z such thata-b=nr = a=b+nr
Similarly, there is s € Z such that ¢ = d + ns.

Therefore,
a+c=(b+nr)+(d+ns)
=(b+d)+n(r+s)
= n|(a+c)-(b+d)

<a+c=b+d (modmn)

This concludes the proof of (1).

ac=(b+nr)(d+ns)
= bd +nbs + ndr +n’rs
=bd +n (bs +dr +nrs)
= n|ac-bd

< ac=bd (mod n)

[ Corollary 5.2.4

Suppose P e Z[X] (= {ao +a1 X+ +apX* |k >0,k €Z,a; € Z for every z} = polynomials with Z coeff .)
Thena=b (mod n) = P(a)=P(b) (mod n).

Proof. Suppose
P(X) =ag+a1 X+ +a, X", witha; €Z

Then, a=b (mod n) = a’ = (mod n) for any j > 0.

Thus, for every j > 0,a;-a’ =a;-¥ (modn) = P (a)=P(b) (mod n).
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[ Proposition 5.2.5
IfaeZ, thena?=0or1 (mod 3).
Proof. by the division algorithm,
a=0,1,2 (mod 3)
—a?=0%1%2% (mod 3)
O
[ Proposition 5.2.6
IfaeZ,thena?=0or1 (mod 4).
Proof. By the division algorithm
a=0,1,2,3 (mod 4)
Therefore,
a®=0%1%2%,3> (mod 4)
=0,1, (mod4)
O
[ Proposition 5.2.7
If a € Z is odd, then a® = 1 (mod 8).
Proof. Since a € Z is odd, the division algorithm implies that
a=1,3,57 (mod 8)
Then,
a®=17%,325%,7 (mod 8)
=1 (mod 8)
O
Problem 21

What are all pairs of prime numbers (p, ¢) such that

a3+a a3—a

) 4=

p= for some a € Z
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Solution

If it is easy to see that this is equivalent to finding pairs of prime numbers (p - q)3 =p+q.

(r-9)°=((p+q)-29)°
=(0- 2q)3 (mod p+q)
= -8¢° (mod p+q)

Because (p—q)3:p+q, thus p+¢=0 (mod p+q) = p+q|8¢°.

And we know

p+q=(p-q)+2q

=2q (modp-gq)
and because p+ ¢ = (p- q)3 =0 (mod p-q), thusp-q|2q
p + ¢, and p, g are primes —> gcd (p,q) =1.
Then,
ged(p-gq,q) =ged ((p-q) + ¢, 9)
=ged (p, q)

=1

Using (a | be,ged (a,b) =1 = a| ¢), we obtain from p - ¢ | 2g that p—¢ | 2.
By a similar argument, (It suffies to show ged (p+ ¢,q) =1.)

ged (p+ q,q3) =1.

Combining with p + ¢ | 8¢%, we obtain p + ¢ | 8.
From p-¢|2 and p + ¢ | 8, we obtain that (p, q) = (5, 3).

[ Proposition 5.2.8

ged (a,b) =d = gcd(g,g) -1

Proof. There are integers x,y € Z such that
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5.3 Gcds of more than two variables

[ Definition 5.3.1: Ged of more than two variables |

Suppose azy,...,a, are integers, at lead one of which is nonzero. Then the gcd of aq,...,a, written

ged (aq, ..., a,) is the largest natural number d, such that.
(1) d|a1a"'7d|a’n

(2) ifela,...,c|a,, thenc<d

Problem 22

ged (2002 +2,2022° +2,2002% + 2,--+) =?

Solution

Let d = ged (2002 + 2,20022 + 2,2002° + 2, ). Then
d|2002+2,2002° +2 = d|ged (2002 +2,2002° + 2)
Note that

20022 + 2 = 2002 (2000 + 2) + 2
= 2000 (2002 + 2) + 6

This implies that

ged (2002 + 2,2002° + 2) = ged (2002 + 2,6)
= ged (2004, 6)
=6

Therefore d | 6. If we show that 6 | 2002* + 2 for every k > 1 then we would be done.
The claim is that 3 | 2002* + 2

2002F +2=1F + 2
=1+2
=3
=0 (mod 3)

We also know that 2002 +2= 0% +0=0 (mod 2).
We conclude that 6 | 2022% + 2 for every k > 1.
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[ Proposition 5.3.2

A natural number is divisible by 3 (or 9) if and only if its sum of digits is divisible by 3.

Proof. Suppose n is a natural number with decimal expression
n = (ag, -, aq);p=ao +ar-10+az- 10% + - + agq - 104, where 0 < ag, -+, aqg < 9
_ 2 d
n=ag+ay-10+as-10"+---+aqg-10

zag+a-l+as-12++ay-1¢ (mod 9)

=agp+ay+-+ag (mod?9)
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Week 6: Least Common Multiple (lcm),
Euclidean Algorithm, Unique Prime

Factorization

6.1 Least Common Multiple (Icm)

Definition 6.1.1: Least Common Multiple (lcm)

Suppose a,b € Z. Then the least common multiple of a and b, written lem(a,b), i s a positive integer such

that
(1) a|dandb|d

(2) ifa|candb|cwherec+0,thenc>d

Example 6.1.2.

lem(2,3) =6
lem(4,6) =12

Theorem 6.1.3

ged (a,b) -lem(a, b) = ab

In other words,
ab

lcm(a, b) = m
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Example 6.1.4.
ged (a,b) =1 < lem(a,b) = ab
4.6 4.6

lem(4,6) = 2cd (4,6) =5 = 12
6.2 cm and gcd, Euclidean algorithm

Theorem 6.2.1: lem and ged

Forany a,be N,

ab
1 b) =
)
Proof. Let d = ged(a,b), and let
ab
m=—
d

Note that

m:a(g) and d|b
Therefore, a | m.
Similarly, b | m.

Therefore, m is a common multiple of both a and b.

We now show that m is the least common multiple.

Suppose ¢ is a nonzero common multiple of ¢ and b.

Consider
C C
—=—
m ()
_cd
ab
By Bézout’s theorem, there are integers x, y s.t.
d=ax +by.

(Note: Bézout’s theorem was an existence result, not a constructive one.)

Consequently,
c _ c(ax +by)
m ab
=g+ S

c is a common multiple of ¢ and b, i.e. a,b|c = fx+ SyeZ

We conclude that m | ¢ = m<e Therefore,
m =lem(a, b).
The conclusion follows. O
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[ Corollary 6.2.2

Suppose a,b € N. Then
ged(a,b) =1 < lem(a,b) = ab

Example 6.2.3.
lem(4,5)=4-5=20
4-6 4-6
2

1 4 = — - 12.
em(6.4) = o 1(,6)

6.3 Euclidean algorithm

Theorem 6.3.1: Euclidean algorithm

The basis of the Euclidean algorithm is the division algorithm.

Theorem 6.3.2: Division algorithm.

Suppose a,b € N. Then there are unique integers ¢ and r s.t.

a=bg+r
and
0<r<b.
Example 6.3.3. If b =4, then any a € N is uniquely written as
a=4qg+7r,0<r<4
Suppose a,b € N. Then if
a=bq +7r1,0< 1 <D,
then
ged(a,b) = ged(bgy +r1,b)

= ged((bgr +71) —bg1,b)
= ng(b7 7(‘1)
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Now repeating the process, as follows:

b=qry + 7o, 0<rog<r
71 =Qq2T2 + T3, 0S7’3<7"2
Tn-1=qnTn + Tn+1, 0<rp41<rp

™n = qn+1Tn+1 + 0
Therefore,

ged(a, b) = ged(b, 1)

= ng(T‘l, 7‘2)

= ng(T’n+l ’ O)
=Tn+1

Note that for any n € N,
ged(n, 0) = n.

Example 6.3.4: gcd(20,15) =?. Using the Euclidean algorithm, we write

20=1-15+5
15=3-5+0

Thus,
ged(20,15) = 5.

Example 6.3.5: (from textbook).
gcd(12378,3054) =?

12378 = 4- 3054 + 162
3054 = 18-162 + 138
162=1-138+24
138=5-24+18
24=1-18+6

18=3-6+0

Therefore,
ged(12378,3054) = 6.
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If we want to find z, y, s.t.
12378x + 3054y = 6.

We do the following process:

6=24-1-18
=24-1-(138-5-24)
=6-24-1-138
=6-(162-1-138) - 1-138
=6-162-7-138
=6-162-7- (3054 - 18- 162)
= (6+7-18) - 7-3054
=132-162 - 7-3054
=132 (12378 —4-3054) — 7- 3054
=132-12378 — (132-4+7) - 3054
=132-12378 - 535 - 3054

Therefore, we can take
(xay) = (1327 _535)
to get

12378z + 2054y = 6

Since ged = 6, we obtain

123783054
lem(12378, 3054) = %

[ Property 6.3.6

For gcd, we know the property about divisibility that
dla,d|b = d|a+kbb = gcd(a,b) =ged (a+ kb, b)
For lcm, however, lem(a, b) # lem(a, a + kb), because such property fails:
alm,b|m = a+kb|m.

Instead, we use
ab

1 =—
cm(a, b) aed(ab)

Example 6.3.7. We have lem(6,4) = 12, but lem(6 - 4,4) =1lem(2,4) =4 # 12.
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[ Proposition 6.3.8

Suppose ged(a,b) = 1. Then
ged(a,b®) =1

Proof. By Bézout’s theorem,

1 = az + by for some z,y € Z.

1=1% = (az + by)*
NET (33 4 3a?2%by + 3axb®y? + b3y
= a(a®z® + 3ax?by + 3zb%y?) + b33

— ged(a,b®) =1
Note: This is using the corollary 5.1} Suppose a,b € Z as before. Then ged (a,b) = 1 if and only if there are

integers x,y € Z such that

1=ax+by

[ Proposition 6.3.9

If ged(a, b) = 1, then ged(a? +b2,b3) = 1.

Proof. By the previous problem, it suffices to show that gcd(a? + b?,b) = 1. However, gcd(a? + b%,b) = ged((a? +
B2) —b-b,b)

A second application of the previous problem gives

ged(a?,b) = 1 since ged(a,b) =1

6.4 General Solution of gcd (a,b) = ax + by

How do we find integer solutions to

ged (a,b) = azx + by?

The Euclidean algorithm only gave one solution.
az + by = ged (a,b) is a line with rational slope. Since we also have at leas one solution, we expect infinitely many

many integer solutions.
Theorem 6.4.1

Suppose a and b are as before and ¢ € Z. Then ax + by = ¢ has an integer solution < d = ged(a,b) | c. If

(x0,Y0) € Z x Z is a solution, then all solutions of ax + by = ¢ are given by
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x:zg—(g)t .

JteZ
y=1yo+(5)t

Example 6.4.2. Last class, we computed
ged (12378, 3054)

and found
(z0,y0) = (132,-535)

as a solution to
12378« + 3054y = 6
By this theorem, all solutions are

ST

12378
y=-535+ = —t

Proof. If ax + by = ¢ has an integer solution, then d | a, d|b = d|ax +by =c.
On the other hand, suppose d | c. Then ¢ = dk for some k € Z.

By Bézout’s theorem, there are integers z’,y’ s.t.

ax’ +by =d.
Multiplying both sides by k, we obtain

a(kz") +b(ky') =dk = ¢
Suppose (z,y) € Z x Z is a solution. Then
ax+by=c (@9)

We also have

axg +byg =c 2)
(1) - (2) given

a(x-x0)+b(y—-yo)=c-c=0
= a(x - x0) =b(yo - ¥)

Divided by d to obtain

a

G

b
)(x—xo):(a)(yo—y) (3)
a b
ged(a,b) =d = gcd(g, 8) =1
From (3), we have

)
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(In general, if s | uv, ged(s,u) =1 = s|v)

Therefore,
2|
d Yo—-Yy
— there is an integer ¢y, S.t.
Y-y d 1
= y=9yYy+ at
Y=1Yo d 1
Similarly, there is an integer 5, s.t.
b
- | =2
d 0
T—To=——
0 P
T=xTg— -
0~ St2
We know that
Yo—y=-3h

(4)(x-z0) = ($)(wo-v)
From this, we obtain that ¢; = ¢5. So all solutions are of the stated form.

Note furthermore that if

T =x9— —t
y:y0+7ta

then

azx +by = a(zg - gt) +b(yo + gt)

a ab
:ax0+by0—gt+gt

=cC

6.5 Unique Factorization

[ Definition 6.5.1: Prime Numbers |

A natural number p > 2 is said to be prime if its only divisors are 1 and p.

Example 6.5.2.
5,7,11,13,17,19
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are prime numbers.

[ Definition 6.5.3: Composite

If n > 2 is an integer, it is called composite if there are integers a,b > 2 s.t.

n=a-b.

Example 6.5.4. 6=2-3,10=2-5,12=22-3
Theorem 6.5.5: Unique prime factorization

Every integer n > 2 is a product of prime numbers

n= p<1)11 "'pzkv (Pl» Dk primes)

and this decomposition is unique up to rearranging the prime numbers.

Proof. We prove existence using strong induction on n > 2. Clearly, n = 2 is a prime number and so this settles
the base case. Now suppose the existence part if valid for every 2 < n < k.

Consider n = k + 1.

We are done if k + 1 is a prime. Otherwise, k + 1 = a - b for some a, b > 2.

_ k:;; 1 < k;; 1 <k
b<k.

—> a

By the inductive assumption, both a and b have a prime decomposition, and so does k+1 = a-b. Existence follows
from strong induction.

For uniqueness, suppose

n :p?l...pgk’ai >0
:pfl...pgk7 ;> 0
Suppose a4 > 1, and so

Xk _

n:p(lll...pk _p'fl...p']fk'

Py
(Recall that if a | bc and ged(a,b) =1 = a|c.)

We know that ged(p{*, p2) = ged(p]*,ps) = - = ged(p]*,pr) = 1
Therefore, we obtain that
P p?lprznax{ﬂ2—1,0}“.pzlax{ﬁk—l,o}'

Repeating the process, we many eliminate all ps,---, pi.

Consequently,
| Py

— 1 Sﬂl.
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Similarly, 51 < ag.
Therefore, o = 3,. We can similarly show that as = 82, -+, ax = SBx.

This concludes the proof of uniqueness. O

Theorem 6.5.6: How is g.c.d related to prime factorizations
Suppose

a=pitpet, (e 20)
b=pitplt, (B 20)
Then

ged (a,b) = prnion A pmintee O}

Proof. Proof sketch:
Suppose d | a, b.

Then
d=ptep)E gt pP1 Pk
=P1 P |P1 Py P Dy
= For every i,v; < min{«;, §;}.
Therefore,

ged(a,b) = p;ﬂin{oq751}...p;€nin{ak,ﬁk}.

Example 6.5.7.
ng(lZ, 15) - ng(22 . 3,3 . 5) - 2min{0,2} . 3min{1,1} . 5min{0,1} - 3

Proof. Complete proof:
Basic observation: If d | n, then n = dr for some r € Z.
By unique prime factorization, any prime appearing in d must also appear in n.
Furthermore, the largest power of any such prime must be at most the power of this prime appearing in n.
Now suppose that d | a and d | b, d,a,b € N.
Then writing

a=pitplh

Bk

) ,p; distinct prime numbers,
b = pl ...pk

then
d=pltp)
where v; < oy, 5; and oy, B; > 0.
Thus for every i,
i <min{ay, B;}.

From this, we obtain that
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ged(a, b) = pirinten Al pminter B}

By the exact same argument, if

a1l o1k
ay=p; Py
oy 520, then
Q1 Qn k
an, :pln .”pkn

min{al,l7a2,17‘“;04n,1}”.pmin{o‘l,k7042,k7"‘70‘n,k}

ng(ala "'aan) =P

Warning. ged(a,b,¢) =1 == ged(a,b) =1

Example 6.5.8. gcd(2-3,3-5,5-2) =1. but ged(2-3,3-5) =3 # 1.

Theorem 6.5.9: How l.c.m is related to prime factorizations

From lcm, note the following.

If a | m and b | m, where

a = p?l . .pzk

b=p ...pfk
m = p’lhpzk7

then «ay, 8; < i, i.e. max{«;, B;} < ~; for every i.

From this, we obtain that

max{a1,81} max{a,B}
1 Py .

lem(a,b) =p

Example 6.5.10.

lem(12,15) = lem(2%-3,3-5)
— 2max{2,0} X 3max{1,1} . 5max{0,1}
=922.3.5
=60

These verify 60 = lem(12,15) = % = 1215,
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Week 7: P-adic Valuations, (Ir)rationality,

Counting Primes

7.1 P-adic Valuations

[ Definition 7.1.1: P-adic Valuations |

For a natural number n,

vp(n) = largest power of prime p dividing n.

Example 7.1.2.
v2(12) = v9(2%-3) =2

U2(5) =0

’115(52) =2

In general, if n = p{*---py*, then vy, (n) = .

roposition 7.1.3: Generalization of Unique Factorization to Rational Numbers

s
o)

We can generalize unique factorization to rational numbers by the following:

Give a rational number z, write it in reduced form and then write

(e} (6%
T =piteppt, o € 2.

Example 7.1.4.
15_3_3 .o,
20 4 22
15 3.5
— = 5:(3-5)~2*2~5*1=2*2-3

20 22
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| Definition 7.1.5

Given a prime number p, the p-adic valuation is the function

vp: Q> Zu {0}

given by sending a rational number z to the power of p appearing in .

Note: vy of any number is co.

[ Property 7.1.6: Properties of p-adic valuations

(a)
vp(ab) = vy(a) +v,(b)
(b)
d|n < for every prime p, v,(d) < v,(n)
(©

vy(a+b) > min {v,(a), v, (b))

Proof. Proof of (c).

If

a=pi ot
and

b=pyt ek,

assume oy < 31, then

a+b=pi (p5*ppt + s p)

= Up, (a N b) 20y = min{alv 51} = min{vm (a)vvpl (b)}

Example 7.1.7.

v2(12 +10)
=09(22-3+2-5)
=09(2(2-3+5))
>1 = min{vy(12),v2(10).}

Example 7.1.8.
v2(2+6) =v2(8) =3
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1)2(2) =1
’()2(6) =1
min{v2(2),v2(6)} =1
Problem 23
Let a, b, c, e N. Then that
lem(a, b, c)2|lcm(a7 b) -lem(d, ¢) - lem(c, a) for any a,b,c € N.
Proof. It suffices to show that for any prime p,

vp(lem(a, b, ¢)?) < vp(lem(a, b) -lem(b, ) - lem(e, a)).

Note that
v,(lem(a,b,c)?) = v,(lem(a, b, c) -lem(a, b, c))
=2vp(lem(a, b, ¢))
= 2max{v,(a), v,(b), v, ()}
On the other hand,

vp(lcm(a, b) -lem(d, ¢) - lem(e, a)) =vp(lem(a, b)) + vy (lem(b, ¢)) + v, (lem(c, a))
= max{vp(a),v,(b)} + max{v,(b),v,(c)} + max{vy(c),v,(a)}.

Lemma 7.1.8.1

If ,y,2 >0, then

2max{x,y, 2z} < max{z,y} + max{y, 2z} + max{z, z}

Proof. If you permute x, y, z, the inequality does not change.

Therefore, we may assume without loss of generality that

rT2Yy2=2.

Then the inequality becomes

e<x+y+ax
=2z +y

< y20,

which is true. O

Apply this lemma to
z=vp(a),y=vy(b),z=vy(c)

completes the proof. O

56


https://jacob-southerncity.github.io/

jacob-southerncity.github.io 2 - (Ir)rationality Jacob Ma

Problem 24

If a,be N s.t.
a|b?, 03| at,a® | b°, -

then

Proof. We show that for any prime p,
vp(a) = vp(b).

Note that we have
CL4n+1 | b4n+2 and b4n+3 ‘ a4n+4

for every n.

,Up(a4n+1) < ’Up(b4n+2)
(4n+1)vp(a) < (4n+2)v,(b)

dn +2
= vp(a) < va(b) for every n € N

dn+1
Jop(b) = vy (b).

in+2
!
= @< (g
We can use the second divisibility to similarly obtain that v,(b) < v,(a), thus we have that for every prime p,

vp(a) = vp(b).

Therefore, a = b is derived from unique prime factorization.

7.2 (Ir)rationality

[ Definition 7.2.1: Rational Numbers |

A rational number is any element of the set

Q::{%:a,beZ,b#O}

Theorem 7.2.2
/2 is irrational.

Proof. Assume to the contrary that \/2 is rational, that is, there are a,b € Z s.t.

a
2=-.
V2 b
This implies that
202 = a?
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Then

v2(2b%) = vy (a?)
v2(2) + 2v3(b) = 2v2(a)
1+ 2vy(b) = 2v9(a)

The left hand side is odd while the right hand side is even.

Therefore, \/2 is irrational.

Problem 25

Show that /2 + v/3 is irrational.

Solution

Assume to the contrary that

V2 \/§:%, a,beZ

Then
V3=1 V2
a® 2a
32[)72_? 2+2
b a?
2=—(3-2-—
V2 2(1( b2

Therefore, if \/2 + /3 is rational, then /2 would also be rational. This is a contradiction.

[ Definition 7.2.3: Recollection on log x

T ]
logx::[ —dt, z>1
1t

10

2 4 6 8 10

Figure 7.1: f(t) = 1
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[ Definition 7.2.4: Recollection on e

e > 0 is the real number s.t.
el
loge =1, i.e.f Sdt=1
1t

It be shown that

log(e”) =z, for any x € R

Let y = . Take log of both sides to get
logy =log(e®) = x.

Differentiating, we get
A

=~ =] = y':y.

)
Then we can write the Taylor expansion of f(x) = e” centered at 0.

& fM0) L,
e = X
nZ::O n!
B n=0 n!
Forxz =1
> 1
e = nZ:%) E
1 1 1
=l4+—=+=+—+-
1 2t 3!
You can estimate that 2 < e < 3.
Theorem 7.2.5
e is irrational.
Proof. (Fourier).
Assume to the contrary that
e=—, a,beN.

From 2 < e < 3, we know that e ¢ Z and so b > 2.

Consider the number ,
S =0 (e - 1)
n=0

S is an integer as

n=0"T
b p!
:(b—l)!a—ngofl

On the other hand, we could show that 0 < S < 1.
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Indeed, S > 0 because
=1 &1
S =b! — - =
(7;) n! nZ::() n!)
=l i i' >0
n=b+1 1
We also have S < 1 since
1
n=b+1 """
1 1
= b! e
((b+ 0 b2l )
- + L + 1 +
b+l (b+1)(b+2)  (b+1)(b+2)(b+3)
< L + L + 1 +
b+1 (b+1)2 (b+1)3
i)
T\ 1
b+1 1- el
= 1 < 1 <1
b~ 2
Since there are no integers S such that 0 < S < 1, we reach a contradiction.
The conclusion follows the contradiction. O

Problem 26: Open Problem

Is the Euler constant v := lim, (1 + % et % -log n) irrational? This problem has been open for a very

long time. It is a constant that appears in various places in mathematics.

Theorem 7.2.6
7 is irrational.

Proof. (Hermite, variation due to N. Bourbaki)

Assume to the contrary that
a
= 7 a,beN.

Consider

T(n):= b"/ wsinmdm
0 n!

First, note that (7 — ) is positive on (0,7) and O only at the boundaries.

Similarly for sinz.
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Figure 7.3: y =sinx

Therefore, we always have

T(n)>0.
Now let us show that for n sufficiently large,

T(n)<1.

In order to show this, note that

x(w—x)g(g)Q for0<z<m.

Therefore,
T(n)=0b" f a(m =) sinz dz
0 n!

n T 2n
< bf ( il ) dz
n! Jo \2

B bnﬂ_(g)Qn
N n!
b2 \n
T(*5)" noeo
T —

n

0

. . 2 .
The terms are those of the convergent series expansion of 7e*™ /* from which the convergence to 0 follows.
Choose such an n large enough to have

0<T(n)<1.
T(n)= / M sinz dx
0 n!
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In order to reach a contradiction, we show that 7'(n) is an integer. For convenience, let

bt (m - x)”

n!
2™ (br — bx)"
n!
x"(a - bx)"
n!
f(z) is a polynomial of degree 2n.
Apply IBP with u = f(z), dv = sinzdx to obtain

T(n) =[-f(z)cosz]; + /(;ﬂf'(x) cos xdx.

The first term is an integer. In fact, it vanishes. By repeatedly applying integration by parts 2n + 1 times (2n + 1
times because f is a polynomial of degree 2n, and so after differentiating 2n + 1 time it becomes 0), we can then
show that T'(n) € Z. In the differentiations of f, terms containing x(a — bz) as a factor vanish when evaluated
at 0 or 7. Otherwise, we have differentiated one of 2™ or (a — bx)™ at least n times, thus cancelling the n! in the
denominator. These terms will also be integers when evaluated at 0 or .

Since we cannot have an integer 7'(n) such that 0 < T'(n) < 1, 7 must be irrational. O

7.3 Counting Primes
Theorem 7.3.1: The Infinitude of Primes (Euclid)
There are infinitely many primes.

Proof. Assume to the contrary that there are only finitely many primes pq, -, pi.

Consider

N := D1y PE+ L

N > 1, and so there is a prime number p such that p | N.

Then p ¢ {p1,-, pr}-
Indeed,

pi | prepr +1

a contradiction.

Therefore, p1,---, pr cannot be all the prime numbers. This contradiction implies that we must have infinitely

many primes. O

[ Corollary 7.3.2

Order the primes p; =2 < ps =3 < p3 <. Then

Pr+1 < p1opr + 1
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Proof. By the proof of the previous theorem, there is a prime p such that

Pl piepr +1,

and so p < py--py + 1. Since p cannot be one of the p;, we must have p > py,1. The conclusion follows.

[ Definition 7.3.3: Counting of Prime Numbers

Let
mw(x) := #{p prime < z}.

This function counts the number of primes that are at most .

Problem 27

How does 7(x) grow as x — +00?

Theorem 7.3.4: Prime Number Theorem(PNT)

x
w(z)~ as & — +oo
logx
i.e.
lim ) 4

8,000

6,000

4,000

2,000

x
logx

Figure 7.4: 7 (z) ~

The proof of this theorem is long and requires a serious understanding of complex analysis which is beyond the

scope of this course. However, what can we say by elementary means?

[ Proposition 7.3.5

Pk < 22"
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Proof. We use strong induction on k.
pL=2<22
P2 = 3< 222

Assume it is true for 1 < k < n.
Using
Pn+1 < P1Pn + 1

and the inductive assumption, we have

Poar <22 220920 11

_ 22+22+~~+2" 1
n+1
=22 241
n+1
<2?
The conclusion follows from strong induction. O

Theorem 7.3.6

w(z) > log(logz).

Proof. Given z > 3, choose n € N s.t.

n—1 n
e¢ <x<e

From the previous proposition,
7(2%") 2 n, (0)
Then from z < ¢*” we obtain that

n >log(log x).

On the other hand,
w(z) > 7r(een71), @)
and if n > 3, then
et > on 2
e n
<= (5) >e forn > 2

Therefore, from (0), (1) and (2), we obtain for n > 2

m(z) > 7w(e?")
>m(2%")
>n

> log(log x).

64


https://jacob-southerncity.github.io/

Jacob Ma

3 - Counting Primes

jacob-southerncity.github.io

If we have n < 3, then for z > 5,
w(z) 2 7(5)=32>n.

The above works for such z even if n < 3. We can manually check that the proposition also holds for z < 5.
O

The conclusion follows.
Theorem 7.3.7

1 1
> =>log(logn) - 5

p prime<n

[ Corollary 7.3.8

m(n) > 2log(logn) -1

Proof. Proof of corollary assuming previous theorem.

1 1 1

o= > Y —>log(logn) - -.

p prime<n 2 p prime<n 2
And we have

3 1 _m(n)
p prime<n 2 2
This implies
m(n) > 2log(logn) — 1.

[ Definition 7.3.9: []

The analogue of ¥, for summation is ] for products.

n
[Tai=aiasa,
=1

Proof of theorem. Consider

p prime, p<n

= ]I ( 1+
p prime, p<n
n
>

1
k=1 k

Why? Every 1 < k < n has a prime factorization

k = p?lngPSe

s.t. p; <k <n for all 4.
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Since k < n, p; < n. Therefore,

1 1 1 1 1 1
Lt — 4 5+ — 4] L+ —+ S+ —+-, 3
pl pl p1 pe pe pe
is a factor of
1 1 1
I1 (1+7+—2+—3+---), (@)
p prime, p<n p p p

Note that § = W appears as a term in the expansion of (3), and therefore also in the expansion of (4).
1 2 e

1 21
> —.
1)prirlr1—e[,p37z(1_11)) l;lk

In the following, p is always implicitly a prime number.

As a result,

We have this chain of (in)equalities:

- Z log(1 - ]1)) = log H(l - %)’1

p<n p<n

LA |
> log(z %)
k=1

n1
1

=log(logn)
On the other hand, it can be shown that
1 1 1
223 log(1- ), (5
p<n P 2 p%z p
Indeed, recall the Taylor expansion
2 a3
—log(1 =) = T
og(l-z)=x+ St
Using this, we obtain
1 =1
“Tlog(l- ) =T Yo
Note that
1 1

I will show that
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We have the inequalities

33

p<n k=2

This settles inequality (5).

Hence, we have

s
IA
3

[\
i

N =N N= N = N = N

1 1
o=+ 3> log(logn)

p prime<n

as required (move the % to the other side).

Recall that for any ¢ > 0,

logz

lim

r—o0 €

0

In particular, for x sufficiently large, depending on ¢,

Take € = % Then for z sufficiently large,

Theorem 7.3.10

log x

:L-€

v
Sl=

§

log x

<1l < logz<a°

log(logz) < = logx

for x sufficiently large

> >log(log(n) -

p prime<n p
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| Corollary 7.3.11

m(n) 1
2 p prime<n 2
1
2 —
p prime<n p
1
> log (log (n)) - 5

= 7 (n)>2log(log(n)) -1

Problem 28

Therefore, log(log(z)) is much smaller than 2. This implies that our lower bound 7(z) > loglog(z) is not

loga*®

too good. Can we do better?

Solution

Let z € N, and let m := w(z). Write {p prime <z} = {p1,-*,Dm }-

2 natural number n such that 1 < n <z have all their prime divisors among {p1,--, pm }-

2

Given 1 <n<x,n=r°-s, where r € N, s is a product of distinct prime numbers.

Example 7.3.12.

n=2%.3%.7
=(22.3Y).2.7
=(2-3)%.2.7

n=11°=11%-11
Since 1 <n <z, s is a product of distinct primes chosen from

{p1,,pm}

So there are 2™ = 27(®) choices for s.

On the other hand,

Putting all this together, we obtain that
z<J/z-2"®

Consequently,

V< 2m®)
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Taking log, we have

1
3 logz < m(x)log2

This lower bound is better than the lower bound log(log(z)).

Problem 29

By the prime number theorem, for sufficiently large =,

m(x)

lozx
0.99x 1.01z

— <m(x) <

log log

0.99 < <1.01

for x sufficiently large.

Can we prove that for say « > 6 that there is a constant ¢ > 0 s.t. w(x) > £2?

= logz*

Solution

Consider the function

w(n)= 3 logp.
pgreillgne
p¥<n

e.g.
¥(8) =log2 +log2+1log2+1log3 +1logh+log7
=log(2%-3-5-7)
Exercise.
¥(n) =loglem(1,2,3,---,n)
ie.

ez/;(n) _ lcm(l, 2,3, n)
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Consider now the integral

1
_ 1 k(”)/ n+k g
k:O( ) k) Jo * )
_zn:(_l)k(n) :Cn+k+1
=) k/n+k+1},
s enH(M).
_k:O( )(k;) n+k+1

1
:>e’/’(2"+1)[ z"(1-z)" dz
0
:lcm(1,2,--~,2n+1)Z(—l)k(n) L
k=0 k

-2 (3)

is an integer. It is also positive! Therefore, it is a natural number, and so

lem(1,2,--,2n+1)
n+k+1

1
e (2n+1) f 2" (1 -xz)"dx > 1.
0

On the other hand,

Therefore,
e1/)(2n+ 1)

4n

1
1< ¥+ f 2"(1-2x)"dx <
0

and so,
Y(2n+1) > 2nlog2

Suppose n € N. Then choose n € N s.t.

2n-1<z<2n+1
Then we have

P(x) 29(2n-1)
>2(n-1)log2

(2n-2)log2

\%

-3)log2

>

(x
X
—log 2
9 %8

where the last inequality follows from the fact that x > 6 implies that x — 3 >

70
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log z
logp

If p“ <z, then alogp <logx =— a < %. Therefore, for each prime p < z, logp may appear at most

times. Consequently, we have

Y(x)= ) logp< > loﬁ-logpzw(x)log:r.

aeN p prime 1 p
p prime p<x
p¥<z

From the inequality ¢(z) > £ log 2 above and ¢ (z) < w(z) log 2, we obtain

w(z) > xlog 2

" 2logx

for each x > 6. We have proved the following theorem.

Theorem 7.3.13

For = > 6, we have
N zlog?2

~ 2logx

By the Prime Number Theorem,
m(z) _
lo:g T

Tr—>00

In particular, for large enough x, we have

0.99 < ~(2)

z
logx

= 7 (x) > 0992 foraz large enough
log x

Remark. We know that

n
H Q; = a1a2 Q.
i=1

()

2n\  (2n)!
( n )  (n))?

Any prime p such that n < p < 2n does not divide the denominator while it divides the numerator.

We have a obervation:

I1

p prime,n<p<2n

Notw that

Using the general fact that

ged (a,b) =1, ale, blc

= ab|c

We obtain

[Ir

n<p<2n

()
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This implies that
2n
1 r<(™) W
n<p<2n n
This is using general fact that a,b € N, a|b, b+ 0 =—> a <.
Using
(Qn) < (Qn) N (Qn) . (Qn) S+ 1)2n
n 0 1 2n
We have
2
()
n
Combininng (1) and (2), we obtian
I_I P < p2n
n<p<2n
Taking logs, we have
Z log p < log 2°™ = 2nlog 2 (3)
n<p<2n
Let’s introduce the function
0 ()= logp
psz
(3) may be written as
Z logp - Z logp < 2nlog2
p<2n p<n
= 0(2n) - 0 (n) <2nlog?2 4
Lemma 7.3.13.1
For every r e N,
6(2") <2 log 2
Proof. We induct on r. If r = 1, then
0(2) =log2
while the RHS is 2% log 2
If we have
9(2k) <21 0g2, )
then from (4) with n = 2%
0(2"1) <0 (2%)+2-2"1og2  Applying (5)
<2M1og 2 + 28 10g 2
— 2(k+1)+1 log )
O

Given x > 2, choose r € N such that

1
2N <2
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From this, we obtian

0(x)<0(27) <2 log2

=4 (log2).2"
<4xlog?2
In particular,
> logp< ) logp=0(x)<4xlog?2 (6)
Vz<p<gz psT
The LHS of (6) is at least
Z log\/x = (log\/E) (7r (x)—w(ﬁ)) @2
Vr<p<z

= 5 (1og) (m (2) - 7 (V)
(6) combined with (7) implies that
% (logz) (7 (z) - 7 (V/z)) < 4w log2

W(m)—w(ﬂ) < 8z log 2

log x
8xlog?2
7 (x) < r708 +7 (V)
log x
< 8z log 2 E
log x
When is
NP xlog?2 9
log x
If this is to be true, we must have
1
ogr VT
log 2
i.e.
Vzlog2-logz >0
Let

f(x):=xlog2-logx

For whcih z is

f(x) =07
log2 1
! = —
log2 1
"(z)20 >~
£ 20 8200
2
>
@V log 2

9 \2
<2 ( ) For x > 8.32...
log 2
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Therefore

xlog?2
logz ’

NZES

for x > 10

We conclude that
8z log 2 9z log 2
+VT <

< for x > 10
log x log x

m(z) <

Also, we can manually check that the final inequality on x between 2 and 10 for

Thus it is valid for 2 < 2 < 10, and is valid for z > 2, .

74


https://jacob-southerncity.github.io/

Chapter 8

Week 8: Fermat’s Little Theorem

8.1 Fermat’s Little Theorem

Theorem 8.1.1: Fermat’s Little Theorem
If p is a prime number and n € N such that p + n (i.e. ged (p,n) = 1), then
n?'=1 (mod p)

i.e.

p\np_l—l

Example 8.1.2. Letp=5and n = 3. Then

3°1=1 (mod 5)

Problem 30: Some application

What are the last digit of 310°1?

Solution

We want to find 3'°°! (mod 10).

31001 = 11001 (InOd 2)

=1 (mod 2)
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Also
31001 — 31000 .3
_ (34)250 .3
=1%Y.3 (mod 5)
=3 (mod 5)

Consider the remainders of 3!°°! divided by 10 is one of the numbers from

0,1,2,3,4,5,6,7,8,9

r =3 (mod 10)

r =311 (mod 5)

r =310 (mod 2)
The only possible number among 0, 1,---,9 with

r=3 (mod5)

r=1 (mod 2)

is 3.

Problem 31

What is the last digit of 21902?

Solution

We want to find
21002 1110d 10

By Fermat’s Little Theorem,
2'=1 (mod 5)

Therefore,
21002 = (247,92 2125092 =4 (mod 5)

We also have that
2199220 (mod 2)

You can easily check that then
21902 = 4 (mod 10)
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We want to be able to find, for e.g.,

21002 110d 51.

Lemma 8.1.2.1

Suppose n € N, a € Z. Then

ar=b (mod n)

has a solution, if and only if
d:=ged(a,n)|b (D

In fact, modulo n, there are exactly d solutions.

Proof. Finding z such that

ar=b (modn)

is equivalent to solving the equation

ax —b=ny, yez

== ar-ny=> (2)
This has integer solution (x,y) € Z x Z if and only if
d:=ged(a,n)|b

(Essentially, Bezout’s Theorem).

Recall that if (z,yo) is a solution of (2), then all integer solutions are of the form

T =x9+ 5t
d ,teZ
y=yo— gt
Let ¢ range from 0 to d — 1.
We then have solutions
n +2n +(cl—l)n
To,To+ —,To+ —,,Top+ ————
0,0+ 2, To + — 0 d

to (1).
Why are they distinct modulo n?

Assume to the contrary that

n
where 0<4, j<d-1,and i # j.
Then
N ¢
n|(i-7)—
(i-3) 5
However, note that
(i )n <d—1 <
1—j)=|<——n<n
I

n cannot divide a natural number less than n. This contradiction implies that they must all be distinct modulo

n.
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If

n
To+ —t

d

is a solution, then we can use the division algorithm to write
t=qd+r,0<r<d-1,

from which it follows that

n n nr
x0+7t:x0+g(qd+r):x0+—+nq.

d d
As zg + " is one of the d distiniguished elements above, and z( + ot = xo + 7 mod n, we have that modulo n

all solutions are congruent to one of the d elements.

This concludes the proof. O

[ Corollary 8.1.3:

Suppose n € N, a € Z. Then

ar=1 (modn)

has a solution if and only if
ged (a,m) = 1.

In fact, if ged (a,n) = 1, there is exactly one solution modulo n.
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Chapter 9

Week 9: Chinese Remainder Theorem;

Euler’s Totient Function; Euler’s Thoerem

9.1 Chinese Remainder Theorem

Theorem 9.1.1: Chinese Remainder Theorem

Suppose n1,ng, -+, 1y are natural numbers such that for every i # j, ged (n;,n;) = 1. Also, let ay, -+, ay, € Z.

Then the system of congruences

z=a; (mod ny)

z=ay (mod ng)

x=a (mod ng)

has a unique solution x modulo nj «ng - - ng.

Proof. Why must a solution exist?

Let
Nl _ nlo...lnk
ni
Nk _ nl'.".nk
Nk
Note that
ged (N1, nq) =+ =ged (Ng,ng) =1
By the corollary 8.1.3, there are
Ti,...,xp €L

such that
Niz1=1 (modn),,Nyaxr =1 (mod nyg)
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Then let

T = allel + e+ akaa:k.

Note that nq|Na, -+, Ni.. Therefore,

T = U,1N1$1 + O,"',O
——
k-1
=ayp - 1

= a1 mod n;.

Similarly, = satisfies the other congruence conditions modulo ns, -+, ng.

To show uniqueness of the solution modulo n - --- - ny, suppose =’ and z" are two solutions.
Then

2'=a;=2" (mod ny)

2’ =ap =2" (mod ny)

Therefore

ny | 2 — "

n | O

Since for every i # j, ged (n;,n;) = 1,

7 "
nlo....nk|x—x
i.e
2’ =2" (mod ny «--ny).
This means that 2’ and =" are, in fact, the same modulo n;---ng, as required. O
Problem 32

Find all solutions to the system

z=1 (mod 2)
=2 (mod 3)
=3 (modb)
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Solution

Let Ny =35, Ny =2-5, N3 =2-3.
Then we first find z; such that

Nyz1=1521=1 (mod 2)
Note that
1521 =21 (mod 2)

So z; = 1 is a solution.

We also want x, such that
Nozy =10z2 =1 (mod 3)
Again,
1=10z =22 (mod 3)

and so we can take x, = 1.

Finally, we want z3 such that

N3z3=6x3=1 (mod5)

= x3=1 (mod5).

Therefore, we can take x5 = 1.
Then

T = allel + CLQNQIEQ + agNgl'g

=1-3-5-1+2+2-5-1+3-2-3-1

=15+20+18

=53
x=1 (mod 2)
=2 (mod 3)
=3 (mod5)

Therefore, x € Z, such that
x=53=23 (mod 30)

are all the solutions.
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Problem 33

There are 17 thieves who rob a bank. They try to divide the $ equally amongst themselves, but $3 remain.
Along the way, one of them dies. When they return return to their hiding place, they try again, but $10
remain. One of them Kkills another out of greed. They try again, and they manage to divide the money

equally this time. What is the minim amount of $ they stole?

Solution: Using CRT

Let d be the number of dollars stolen. Then

d=3 (mod 17)
d=10 (mod 16)

d=0 (mod 15)
In this case, we have
N, =16-15
Ny =17-15
N3 =17-16

We want to find z1, z2, z3 € N such that

16+1521 = Nyz1 =1 (mod 17)
17+1529 = Nozo =1 (mod 16)
17-16x3 = Nszz =1 (mod 15)

1=16-15z1 = (-1)-(-2)z1 (mod 17)
< 2z=1 (mod 17)
BN x1=1821=9:221 =9 (mod 17)

Take 21 = 9.
1=17-1522 =1+ (-1)22 (mod 16)
< —z3=1 (mod 16)
< 29=-1=15 (mod 16)
Take 25 = 15.

1=17-16x3=2+1x3=2x3 (mod 15)
1623 =8 (mod 15) Multiply both side by 8
23 =8 (mod 15)
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Take x5 = 8.
Then all solutions are congruent to

xTr = allel + (lQNgxg + a3N3x3

=3-16-15-9+10-17-15-15+ 0 =+ (mod 17-16-15)
—

=ag

Equivalently
d =3930 (mod 4080)

The smallest such d € N is 3930.

Solution: Not Using CRT

d=3 (mod 17)
d=10 (mod 16)
d=0 (mod 15)

From the last equation,
d=15x for some x € Z

From the second equation,
152 =d =10 (mod 16)

- =10 (mod 16)
x=-10=6 (mod 16)

This implies that
x =16y +6 with y € Z
— d =15z =15 (16y + 6)
=15-16y + 90

From the first equation,
15-16y+90=d=3 (mod 16)

Therefore,
15-16y=3-90 (mod 17)
= 2y =-87 (mod 17)
=-2 (mod 17)
= y=-1=16 (mod 17)

= y=172+16 with z € Z
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Then

d=15-16y + 90
=15-16 (172 + 16) + 90
=15-16+17z + (16 - 15 + 90)
=40802 +3930  z€Z

The smallest such d € N is 3980.

Recall the following proposition:

[ Proposition 9.1.2

If a €Z,neZ, then

axr=1 (modn)

has a solution if and only if ged (a,n) = 1.

In fact, if ged (a,n) = 1, it has a unique solution modulo n.

Moral of this proposition is that you can "invert" « modulo n (which is a™*

Example 9.1.3.
5z=1 (mod 3)

If x =2 (mod 3), then
50=5-2=10=1 (mod 3)

In inverse, when ged (a,n) = 1, we can speak of z = a~! mod n.
In the above situation, 57! =2 (mod 3).
Example 9.1.4.

7Tr=1 (mod?9)

If x =4 (mod9), then
Tx=7-4=28=1 (mod9)

Therefore,
7'=4 (mod9)

mod n) if and only if ged (a,n) = 1.

If you want to use Euclidean algorithm, then solving 72 =1 (mod 9) is more or less the same if as solving

Tr—-1=9y
Tr-9y=1
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9.2 New proof of Fermat’s Little Theorem

Consider a prime p and the numbers

If you take x € Z such that p + z, then

T=pg+T O<r<p-1

In order to prove that if p + a then
a? =1 (mod p)

what we can do is consider

a,2a,3a,-,(p—1)a mod p

[ Proposition 9.2.1

a,2a,3a,-, (p-1)a reduced modulo p is exactly the set 1,2, 3,---,p — 1 again.

Proof. It suffices to show that none of a,2a, 3a, -, (p — 1) a is divisible by p, and that they are distinct modulo p.

None of them is divisible by p because p + a and p + i forany 1 <i<p-1.
They are also all distinct modulo p.

Otherwise, we can find 1 < ¢,j <p -1 such that i # j and
ai=aj (mod p)

However, ged (a, p) = 1, so there exists ¢! (mod p) , and so

Since ged (a, p) = 1, there is an z such that

ar=1 (modp)  Applying[8.]]

Multiplying both sides of (1) by .

(1) is equivalent to
plai-aj=a(i-j)
pta = pli-j

Since i =4 (mod p) andi<i,j<p-1,
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Now since a,2a, -+, (p—1) a are exactly 1,2,3,---,p—1 (mod p).
We have

a-(2a)-(3a)--((p-1)a)
=1+2.3-+(p-1) (mod p)

i.e.

a?t (p-1)!

=(p-1)! (modp)

Since p is a prime, p + (p — 1)!. Therefore, (p - 1)! is invariable modulo p.
This implies
a?!'=1 (mod p)

as required.

9.3 Euler Totient Function and Euler’s Theorem

[ Definition 9.3.1 |

The Euler’s totient function ¢ is given by

@ (n):=#{aeN|1<a<nsuchthat ged(a,n) =1}

Example 9.3.2.

©(3) = #{1 <a<3suchthat ged(a,3) =1}

:#{LQ}
=2

More generally, if p is a prime number, then

¢(p)=#{aeN[l<a<p ged(a,p)=1}
:#{1a27"'ap_1}
:p—]_

Example 9.3.3.

o(4) = #{1<a<d:ged (a,4) = 1)
:#{1’3}
=2
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Euler generalized Fermat’s Little Theorem as follows:

Theorem 9.3.4: Euler’s Theorem

If a € Z and n € N such that ged (a,n) = 1, then

a?™ =1 (mod n)

If n = p is a prime number then if ged (a, p) = 1,
a?® =1 (mod p)

But note that

e(p)=#{1<a<p: ged(a,p)=1}
= {1,2,"'7]7_ 1}

= p — ]_
Proof of Euler’s Theorem. Consider

{a17~~~,a¢,(n)} ={aeN:1<a<n,ged(a,n)=1}

Then if ged (a,n) = 1, we have by a similar argument as in the proof of Fermat’s Little Theorem that modulo n

aay,aaz, -, aly(n)
is the same as
a1,02, 5 Qp(n)
ng (n7 A,y aip(n)) =1

and so

a?™ =1 (mod n)

How to compute ¢ (n) in general?

[ Proposition 9.3.5: Computation of ¢ (n) in general

Consider
(1) =P[1<a<n|ged(a,n)=1]
n
Let n = pi" ----- p.* be the prime factor of n.

Then the probability that 1 <a<nand p; + ais 1 - i. This is true for each p;.

2 (5)-03)
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D1 Dk
Example 9.3.6.
0 (3%) :33(1— 1)
3
=3%(3-1)
=18
Example 9.3.7.

For instance,

Proof of the proposition. An argument is probabilistic. Note that

If p is a prime, then

so(p’“)=p’“(1—%)

=p" " (p-1)

p(2Y)=2°(2-1)

=8

— 3%=1 (mod 16)

P

n

1<a<n]|ged(a,n)=1]
A number is 1 < a < n is relatively prime to n < p; + a,p2 + a,---, px + a.

The probability that p; + a is 1 minus the probability that p; | a, i.e.

as required.

Problem 34

o 1
1_pz:1_7

n Di
¢ (n)

21903 (mod 45)?
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Solution

By Euler’s theorem,

ans so

How can we write

So

ged (2,45) =1

2¢(4%) =1 (mod 45)

o (45) = o (3% 5)
a3
--5(3)(5)

224 =1 (mod 45)

1003 =24g+7,  0<r<23
=24.41+19

21003 _ 224'41+19

= (229" 2" (mod 45)
=2 (mod 45)

So now we have a sub problem, find

Then let’s find

and

By Euler’s theorem

219 (mod 45)
219 (mod 3?)
2% (mod 5)
2¢(3) =1 (mod 32) By Euler’s theorem

3)

¢(3%) =3

—_
—

9.

[GCR V]

=6
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Thus,
919 _ 96:3+1
=2! (mod9)
=2 (mod 9)
By FLT,
2'=1 (mod 5)

19=4-4+3, and

=3 (mod 5)
Now we have the system
21003 = 219 = 9 (mod 9)
21003 =219 =3 (mod 5)

By the CRT, there is a unique solution modulo 45 to

=2 (mod?9)
=3 (mod b)
Let N1 = 5, N2 =9.
Then we want to find x; and z5 such that
5z1=Niz1 =1 (mod9) (@9)
929 = Nazo =1 (mod 5) 2

Multiply (1) by 2 to get
21 =1021 =2 (mod 9)

Take ;1 = 2.

Note that 9 = -1 (mod 5) and so (2) is equivalent to

—29=922=1 (mod 5)

= 25=-1=4 (mod 5)

Take 25 = 4.
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By the CRT,

T =a1Nix1 + asNoxs
=2:5:2+3-9-4
=20+ 108
=128
=38 (mod 45)

is the unique solution modulo 45.
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Week 10: Wilson Theorem; Reformulation
of Fermat’s Little Theorem; P-adic

Valuations of n!

10.1 Wilson Theorem

Theorem 10.1.1: Wilson Theorem

If p is a prime number, then
(p-1)!'=-1 (mod p)

Example 10.1.2.

(1) If p=3, then we have
B-D=2l=2=-1 (mod 3)

(2) Ifp=>5, then we have
(b-1)=41=24=-1 (mod 5)

Recall the following:
If gcd (a,p) = 1, then
ar=1 (mod p)

has a unique solution modulo p.

Proof. Write

(p-D'=1-2-(p-1)
Whenever z € {1,2,--,p—1} and 22 # 1 (mod p), you can find a y € {1,2,---,p— 1} such that y # z and zy = 1
(mod p).

Which ones cannot be paired with another number?
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Exactly those x such that
z2=1 (mod p)

Equivalently, when
plat-1=(z-1)(z+1)

ie.
plz-lorplaz+1
ie.
z=1 (modp)orz=-1=p-1 (mod p)
Therefore,

(p-1)°=1-(2:3-(p-1)) (p-1)
=1-(-1)
=-1 (mod p)

Note that when p = 2, we have
(2-1!'=1=-1 (mod 2)

Theorem 10.1.3

Suppose p is an odd prime number. Then

has a solution if and only if

Example 10.1.4.

(1) If p=>5, the theorem claims that
z?=-1 (mod 5)

z = 2 is a solution since
22=4=-1 (mod 5)

(2) For p=13, we have x =5 as a solution to
z?=-1 (mod 13)

Indeed,
52=25=-1 (mod 13)

One direction: If p is an odd prime number that

p=1 (mod 4)
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Then
z?=-1 (mod p)
has a solution.
Proof of one direction. By Wilson’s theorem, we know that
(p-1)!'=-1 (mod p)
Note that
p-1 ) (p +1 )
1) =12 [ 22, ceeee(p=1
(v-1) (57)-(%5) -1
And
p+1 p-1 (p -1 )
= — = — d
- ) (modp)
p+3 p-3 (p 3)
= —_ = — d
5 5 5~ ) (modp)
p-1=p-1=-1 (mod p)
Consequently,
S () ()
=12 [ ) (=1)  (=2) e el [ - [ ==
(v-1) (57)- o2 ;
ot -17°
- (-1)% [1.2-..-.p2 ] (mod p)
. p-1.
Since p=1 (mod 4), 5 s even!
We have deduced that when p =1 (mod 4),
—1\ 12
(p—l)!z[(p?)!] (mod p)
By Wilson’s theorem, this is = -1 (mod p). Thus, = = [(”2;1)!]2 is a solution.
One direction of the theorem is proved. O

When p = 5, the proof boils down to the following computation:

~1=(5-1)!
=1:2-3-4 (mod 5)
=(1-2)(5-2)(5-1)
=(1-2)(-2)(-1)
= (-1)* (2)?
=2? (mod 5)

The other direction: if p is an odd prime number and

x2

-1 (mod p)

94


https://jacob-southerncity.github.io/

jacob-southerncity.github.io 1 - Wilson Theorem Jacob Ma

has a solution, then

p=1 (mod4)

[ Definition 10.1.5: Order of a modulo |

Suppose n € N and a € Z such that ged (a,n) = 1. Then the order of a modulo n, denoted by ord (n), is the
smallest k € N such that

a*=1 (mod n)

Warning: Fermat’s Little Theorem and Euler’s theorem do not necessarily provide the smallest power k for which

a* =1 (mod n).

Example 10.1.6. Taken=p="7and a = 2.
Fermat’s Little Theorem say that 27! =1 (mod 7).

However, we have
23=8=1 (mod 7)

Theorem 10.1.7

Suppose n € N and @ € Z such that ged(a,n) = 1. Then let ord, (a) be the order of a modulo n.
(ord, (a) € N such that a® () =1 (mod n).)
If ™ =1 (mod n), then

ord (a) | m

Proof. Assume to the contrary that
ord, (a) + m.

This assumption, combined with the division algorithm, implies that
m =ord, (a)g+r, g,reN, 0<r<ord,(n)
We then have

l=a
= @@ (DT (mod n)

_ (aordn(a))q -a”  (mod n)

=a” (mod n)

Since 0 < r < ord, (n), this contradicts the minimality of ord,, (a).
The collusion follows. O

Back to the proof of the other direction.
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Proof of the other direction. To prove the other direction, note that

z?=-1 (modp) = z*=1 (mod p).

Therefore,
ord, (z) | 4

Consequently, it is 1, 2, or 4. Itisnot 1 or 2 as
#2=-1#1 (mod p) p is odd

The order of z is, therefore, 4.
On the other hand, note that

z?=-1 (modp) = ged(z,p) =1

Indeed, if p | z, then from p | 22 + 1, we would botian p | 1, a contradiction.
By Fermat’s Little Theorem, we have
2P =1 (mod p)

By the previous theorem, we must have
ord, () |p-1 = 4|p-1,
that is, p = 1 mod 4, as required. O

10.2 Reformulation of Fermat’s Little Theorem

Suppose p is a prime number.

Consider the sets

<l

= pZ = {7 -2p,-p,0,p, 2]97}
T=1+pZ ={1-2p,1-p,1,1+p,1+2p, -}

p-1=(p-1)+pZ
Recall the following:

a=b (mod p) a+c=b+d (mod p)
—
c=d (mod p) ac=bd (mod p)

S
S|

=b (mod p) +c=b+d (mod p)

p— :> R—
¢=d (mod p) ac=bd (mod p)
From 0,1,---,p - 1, let’s keep only those elements a such that there is an 7 satisfying
az=a-T=1<ar=1 (mod p)

Note that for any @ € {0,1,+,p— 1}
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The "invertible" @ are precisely these a such that ged (a,p) = 1.

Therefore, every element of
{T7§7 Y Z 1}

has an inverse.

We also have that

(associativity).

[ Definition 10.2.1: Group

A group (G, *) is a set G with a binary operation
*:GxG->G
satisfying
(1) there is a distinguished element 1 € GG such that for every ge G, 1 xg=g=*1=g.

(2) = is associative:
a*x(bxc)=(axb)*c

for every a,b,c € G.

(3) for every g € G there is an x € GG such that

grx=x*g=1

Example 10.2.2.
(Z/pZ)X = {Iaﬁv"'ap_ 1}

under multiplication (modulo p ).

Theorem 10.2.3: Lagrange

If G is a finite group with |G| elements, then for every g € G,

g‘G‘ =1.

Example 10.2.4. In (Z/pZ)*,

@' =1

i.e. a?~! =1 (mod p) for every a such that gcd(a,p) = 1.
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10.3 P-adic Valuations of n!
Problem 35

For prime p, what is v, (n!)?

Note that

n!:1.2.....n

How many of 1,2, 3,---,n are divisible by p but not p??

To solve this, we have the notation:

[ Definition 10.3.1: Floor Function

Given z € R, |z is the largest integer < x.

Example 10.3.2.

12.75] = 2

|-1.25] = -2

Lemma 10.3.2.1

The number of integers 1 <a<nsuchp|ais [%J

Proof.
pla<3keZ:a=pk

We want this multiple to satisfy

Equivalently, we want

So we have l%J choices for such k.
The conclusion follows. O
Example 10.3.3.
1,2,3,4,5,6,7,8
How many are multiples of 3?

Answer:
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Among 1,2, 3, -+, n, exactly

have p-adic valuation 1.
How many of a € {1,2,---,n} satisfy

vp (a) =27

2 )]

Continuing in this way, the number of a € {1,---,n} such that v, (a) = k is

The answer is

So

[ Proposition 10.3.4

p prime,

o3 3)-

Example 10.3.5.

In fact,

5!=120=2-3-5

Another way of computing v, (n!) is as follows.
Write

n= akpk + ak_lpk‘l +--+a1p+ag,

where 0 < a; < p- 1. (base p expansion of n)

The proposition may then be reformulated as
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vp(n!) = l%J + l}%J Foe

_ n—sp(n)
T op-1
_n—(ag+a +-+ay)
= o1 ,

By definition, s,(n) = ag + -+ + a;, is the sum of the digits of » in its base p expansion.

Note that

[nJ B [akpk+w+a1p+aoJ
p p
ag

= {akpkfl +apapt i+ *J
p

a
= akpk_1 +--+ag + {—OJ
p

—
=0

[EJ _ {akpk +"'+G1P+GOJ
p? p?

_ - aip+ap
= [akpk Prapapt s =5

P2
aip+ aOJ

:akpk_2+~~+a2+l 5

Since a;p+ag < (p-1)p+(p-1) <p2
=0

Continuing in this fashion, we end with

3]

Note that [np¥*!| = 0 and also for higher powers of p. Summing these, we obtain using geometric sums of the form

a+1_1

1+p+p2+...+pa:pi
p—-1

that

ar(L+p+-—+p" N rap (L+p+—+p" )+ +ap

k k-1
-1 -1 -1
= a|? vapq | B—= +.”+a1(84,)
p-1 p-1 p-1

(arp" + a1+ arp) = (o + a4+ an)

vp(n!)

p-1
) (arp® + ap1p" P+ +arp+ag) - (ap +ag_y + - +a +ag)
p-1
_ n = sp(n)
p—-1
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Example 10.3.6.

vy (B!) = 5-52(5) _25_21(5)
5-2
T2-1
=3

Problem 36

n € N. Then

3
—

n! 1 (2" )

E

=(2n=20) (27 —21)...(2n—2n-1)

(Generalized Factorials Bhargava (fields medal in 2014))

Proof. Recall that

a|b < for every prime p,v, (a) < v, (b)

Therefore, it suffices to show that for every prime p,

|
[

n

vp(n!)Svp( (2"—2’“))
k=0

For p = 2, we have

n(ITE-2)) > e -2

< (277)

On the other hand

Now suppose p is an odd prime.
Since p is odd, ged (2,p) = 1.
By Fermat’s Little Theorem, (if 1 < k(p-1) <n)

27" 1=1 (modp) = 27"V =1 (modp) foranyjeN

First note that

v, (nl) = 371'1(")

=y
g R
p—1
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On the other hand, 2/(*-Y) =1 (mod p)
— p| 9i(p-1) _1

Also, for p odd,

At least how many of 2* — 1 are divisible by p?

By Fermat’s Little Theorem, at least those k = j(p-1)s.t. 1<k=j(p-1) < n.

n
n-1

The number of such j is at least [ J, so at least this many of 2 — 1 have p-adic valuation at least 1. Therefore,

from the above computations and this fact, we have

jeNi1< (p-1)<n

- [75]

n-1
5]
> vp (n!)

n-1

We have deduced that for every odd prime p as well that v,(n!) < v, (H (2" - 2’“)). We also have it for p = 2
k=0

above. We conclude the solution to the problem. O

Remark. This divisibility result fits within the much larger framework of generalized factorials whose foundations
were laid out in the undergraduate Harvard thesis of the recent fields medalist (equivalent of the Nobel prize in

mathematics) Manjul Bhargava (professor at Princeton). Of course, his fields medal was not awarded for this work!
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Week 11: Group Theory

11.1 A Taste of Group Theorem

Recall the following definition

Definition 11.1.1: Group
A group (G, *) is a set G equipped with a binary operation
»:GxG -G

such that

(1) There is an element e € G such that for every z € G
T*e=€e*xT =2
(2) Associativity: for any three elements z,y,z € G
(zxy)xz=x*(y=*2)
(3) Forany x € G, there is a y € G such that

TrRY=Y*rT=¢

Example 11.1.2.

G =R*:=R\{0}
+ = multiplication

e=1 (foranyzeR\{0},z-1=1-2=1)
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It is associative, for any = € R\{0},

Example 11.1.3.

e=0 (foranyzeZ,z+0=0+z=x)
It is clearly associative, and for any z € Z,

x+(-z)=(-2)+z=0

Example 11.1.4.

___  ___ _|o=m
Z/’n’Z = {O’ 1,2,"',71— 1} .
-1=n-1
* = + modulo n.
For instance
1+2=1+2=3
n-1+1=m=0

+ modulo n is associative:

Furthermore, for any @ € Z/nZ, we have additive inverses:

a+=a=a+(-a)=0

—a+a=(-a)+a=0

Example 11.1.5.

(Z/pZ)>< = {T7§a P - 1} p prime

+ = multiplication modulo p

It is associative:

a-(b-¢)=a-(bc)=a-(bc) = abc
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If ged (a, p) = ged (b, p) = 1. Then
ged (ab,p) = 1

ab=7Te¢ (Z/pZ)" , ab=pg+r ¢.reZ,0<r<p

Also note that for any a € (Z/pZ)”,

l-a=1-a=a=a-1

For any a € (Z/pZ)*, there is a b € (Z/pZ) such that

a-b=b-a=1

Why?

a-b=1 < ab=1. (mod p)

This has a solution in b because ged(a, p) = 1. All of this means that ((Z/pZ)™,-) is a group.
Note that

(Z/pZ) | =p-1

Example 11.1.6.

{1<ag<n:ged(a,n)=1}= {aly"'aw(n)}

Then let

(ZInZ)* = {@1,ay(m) }

+ = multiplication modulo n

Note that we always have 1 € (Z/nZ)™ since gcd(1,n) = 1. This is the unit e = 1.
* is clearly associative as in the previous example where n is a prime.
By the exact same argument, every a € (Z/nZ)” has an inverse (mod n).

Note that
(Z/nZ)| = ¢ (n).

Theorem 11.1.7: Lagrange

If G is a finite group, then for every x € G of size |G|

el
r_
THI k%I

—— —
|G| times

=€

Example 11.1.8.
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(1) In(Z/pZ)”, Lagrange’s theorem says that for any a ¢ (Z/pZ)~,
@t =1
i.e. for any a € Z such that ged (a,p) = 1
a? =1 (mod p)
i.e. Fermat’s Little Theorem.
(2) In(Z/nZ)", it says that for any @ € (Z/nZ)”,

a@(”) — T,

i.e. Euler’s theorem.

Example 11.1.9.

b
GLs (R) := {A -1 d] a,b,c,d € R such that det (A) = ad — be # O}
C
* = matrix multiplication
1 0]
e = = I2
lo 1-

Note that matrix GL3(R) is closed under matrix multiplication because det(AB) = det(A)det(B). This
implies that if det(A) # 0 # det(B), then det(AB) # 0, and so AB € GL2(R).

As you know from linear algebra, matrix multiplication is associative.

Since det (A) # 0 for any A € G L, (R), there is an inverse A™! € GL, (R).

GL, (R) is a group, but it is not true in general that

AB=BA

For example:
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11.2 Applications of Group Theory to Combinations
Problem 37

Consider an 8 x 8 board filled by checkers as follows

X X X X

X X X X
X X

X X
X X

X X
X X X X

X X X X

Figure 11.1: 8 x 8 board filled by checkers

The rule is that you can jump diagonally over a piece in an adjacent square into an empty square, and then

remove the piece over which you have jumped.

Is it possible to find a sequence of moves and end up with exactly 1 piece on the board at the end?

Solution

Answer: It is impossible.

Consider the symmetries of a rectangle that is not a square. « represents flipping along the verticle
line, b represents flipping along the horizontal line, ¢ represents rotation by 180°, while e represents doing

nothing.

G:={a,b,c,e} (Klein 4-group)

is closed under composition of the moves. It is clear that e is the identity, it is associative. Also, each element

is its own inverse.
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This forms a group with the properties
a?=b=c2=e
ab=¢c, bc=a, ca=b
that you can see geometrically. Note that ab = ba, bc = ¢b, ca = ac (it is an abelian group, i.e. for any z,y € G,
Ty = Yr).

You can also identify G with
Z/27 x 7./27 = {(0,0), (1,0), (0,1),(1,1)}

where the composition law is component-wise addition modulo 2. You can view e as (0,0), a as (1,0), b as
(0,1), and c as (1,1).

b a c b

c b a C
b a c b

c b a &
b a c b

c b a C
b a c b

c b a C

Figure 11.2: Coloring

Color the squares of the board using the elements of G as above.

The crucial observation is that we can define a quantity that does not change under the admissible moves.
Let I be the product of all elements of G in the squares with a checker piece. When a move is made, for
example with a piece on a square labeled as a over a piece labeled as b, the two pieces are removed and a
piece is placed on a square with label ¢. Since ab = ¢, the quantity I does not change under such a move.

Similarly, I does not change under the other jumps.
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Initially, the product of the elements in squares with a checker piece is I = b*cta?b?*c?a’b*c* = e. A board
with exactly one checker on it has I equal to either a, b, or ¢. Since I does not change under our possible

moves, we cannot get from our initial state to a state with exactly one checker piece.
Therefore, it is impossible to end up with exactly one checker piece.

Remark. The idea of invariants is pervasive in mathematics. It is another proof idea. Usually, when one wants to
prove the impossibility of a phenomenon, or that two geometric objects are fundamentally different, one associates
an object that does not change under the possible allowed moves. If the two geometric objects or states or...have
different gadgets associated to them, then it is impossible to go from the first state to the final state using only the

allowed sequence of operations.

An idea underlying invariants is that, typically, we are dealing with very complicated objects. Therefore, we try
to extract something more tractable from the objects. Our brains do this all the time. If we want to prove that
person X is not person Y, we may look at their eye colors or hair colors. If they have different eye colors, they are
different people (assuming eye color does not change or that it is measured at the exact same time). However, dif-
ferent people often have the same eye colors, and so we look for different physical features. Sometimes, people are
identical twins, making distinctions more difficult. Therefore, we look for psychological differences. If that fails, we
look at gene expression and epigenetic information (identical twins have the same DNA, from my understanding).
The analogue of this search for finer and finer invariants also happens in mathematics. Sometimes, this becomes
extremely difficult, as the finer the invariants becomes, the more difficult it is to compute them. The construction

of invariants is an art.

In mathematics, the invariants could be as simple as in the above problem, some other algebraic gadget, counts of
solutions to equations (for example, coming from physics), or some other object. There is a wealth of mathematics

dedicated to interesting invariants in various settings.

11.3 Special Functions in Group Theory
Problem 38

Suppose we have a 4 x 11 rectangle.

Figure 11.3: 4 x 11 rectangle
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Is it possible to tile the 4 x 11 rectangle using the following L-shaped pieces?

Figure 11.4: L shape piece

[ Definition 11.3.1: 7(n)

Suppose n € N. Then

7(n):= Y 1=number of positive divisors of n
djn,deN

[ Proposition 11.3.2: Computation of 7(n)

Let n =p" -----pp*, p; distinct primes, «; > 1 integers.

7(n)=(a1+1)(ag+1)(agr+1)

Example 11.3.3.
7(10) =7(2-5)

I can have 0 or 1 number of 2’s in the divisor.

I can have 0 or 1 number of 5’s in the divisor.

7(10)=2-2=4
In fact, we have 1,2, 5, 10.
Proof of proposition. If d|n = p{*---pi*, then d = p11~~~pf’“, B; >0, where
0< BZ <o

There are «; + 1 probabilities for §;.

Therefore,
7(n) = (a1 +1)-(ag +1).
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Example 11.3.4.
7(200) = 7(2*-5%)
=(3+1)(2+1)
=12.
Note that
T(2H)7(5%*) = (3+1)(2+1) =12
[ Proposition 11.3.5
If m,n e Ns.t. gcd(m,n) =1, then
7(mn) = 7(m)7(n)
Warning: Not true in general if m, n are not relatively prime.
Example 11.3.6.
7(2%) =4
7(2)7(2%) = (1+1)(2+1) =64
Proof of proposition. Write
m=pitepetiap 21
n= qfl---qlﬂ"7 ;> 1.
Since ged(m,n) =1,
{ph 7pk} n {qlv"'uql} =g
Thus,
T (mn) =T (p?l...pgk . qlﬁl...qefge)
=(ar+1)(ap+1)(B1+1)(Be+1)
(m) (n)
=7(m)7(n)
O
[ Definition 11.3.7: o (n)
For n e N,
o(n)= > d
d|n,deN

is the sum of the positive divisors of n.
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Question: How to compute this (if we know the prime fact. of n?)

Proposition 11.3.8: Computation of o (n)

If n=pi"-pl*, a; > 1,p; distinct primes, then

oy +1 s+l Ozk+1
-1 -1 -1
p1-1 p2—1 pr—1

Example 11.3.9.

0(20) = 0(2%-5)
=(1+2+2%)(1+5)

= > 2o5°

0<a<2
0<B<1

=( X 29( % 5
0<a<2 0<p<1

=(1+2+2%)(1+5)

Proof of proposition.

o(n)=L+pr+-+pi)(L+py+-+py?)(L+pg+-+pp*)

:(ptll1+1_1).(pgz+1_1).”(29;:“1_1)
p1—1 p2—1 pr—1

Example 11.3.10.

o(20) = o(2%-5%)

251 52-1
—(2_1)(5_1)
24
=7.(=
)
=76
=42.

Lemma 11.3.10.1

Forr #1,
k+1
a(r® -1
a+a7‘+ar2+-~+a7’k:7( )
r—1
Proof. Let S =a+ar+ar®+--+ar”.
Then rS = ar + ar? + -—-ar® + ar*1.
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rS—-S=ar*t-q

(r-1)8 = a(r*'-1)

L og- a(rt'-1)
r—1
O
Proposition 11.3.11
If m,n e Ns.t. gcd(m,n) =1, then
a(mn) =a(m)o(n).
Proof. Suppose
m = p?l...pgk’
n= qfl...qlﬁl7
where «; > 1, 8; > 1, p;, g; distinct primes.
Since ged(m, n) =1,
{plv 7pk} N {q17”'aql} =g
By the previous prop,
O'(mn) = U(ptlll..pquflqlﬁl)
_ piyﬁl_l pzk+1_1 qf”l—l qlﬁk+1_1
p1—1 pr—1 -1 q-1
=a(m)o(n).
O

Again, note that the proposition is false if m and n are not necessarily relatively prime. For example, o(22) = 7
while o(2) = 3. Therefore, 0(2%) # o(2)a(2).

Lemma 11.3.11.1: Gauss’ Lemma

ForneN,
n=3% o(d).
dln
Proof. Consider the numbers
123 »
7?,7 ’fl7 ’I’L’ ’ n

This consists of n number.

Reduce each of the number to lowest fractions. Then for each d, we have the ¢(d) numbers of the form %, where
ged(i,d) = 1.
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For each d | n, we have ¢(d) such numbers in

12 n
n/ n’ 7n-
Therefore,
n=7> ¢(d)
din
O
Example 11.3.12. Letn =6,
123456
6’66666
In reduced form, this collection of 6 numbers is
111251
) b 27 b b

If 1|6, we have 1 = p(1) numbers.

If 2| 6, we have 1 = ©(2) numbers.

For 3 | 6, we have the numbers % and %, so we have 2 = ¢(3) numbers.

For 6 | 6, we have the numbers § and 2, so we have 2 = ¢(6) numbers.

From this, we obtain

6=1+1+2+2
= (1) +9(2) + p(3) + ¢(6)
=Y (d)

d|6

Problem 39

Find a formula for

2

1<a<n

ged(a,n)=1
when n > 1.
Solution
The claim is that
Z o= n(p(n) .
1<as<n 2
ged(a,n)=1
Proof. If n =2, then
3 -1= 20(2)
1<a<2 2
ged(a,2)=1

Order the numbers 1 < a < n s.t. ged(a,n) =1 as follows:
a1 < <Gyp)-
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If ged(a,n) = 1, then ged(n —a,n) = 1.
If you take a;, then n —a; = ay ().
Similarly,

ag + Qpny-1 =N

(%)

Qp(n) + 01 =M.
You should note that we never have a; = n — a; if n > 3, but this does not matter that much.
(Why? Otherwise, 2a; = n ngg):l a;=1 = n=2)

Summing (*), we obtain

2 > a=np(n)
1<a<n
ged(a,n)=1
oy o me
1<a<n 2
ged(a,n)=1
O
[ Definition 11.3.13: Arithmetic Function |
An arithmetic function is any function
f:N-=>R (or C).

[ Definition 11.3.14: Multiplicative Function

A multiplicative function is an arithmetic function f : N — C s.t. for any m,n € N satisfying gcd(m,n) =1,

f(mn) = f(m) f(n).

Example 11.3.15: Examples of multiplicative function.
* ¢ Euler’s totient function
* 7 number of divisors
* ¢ sum of divisors

* id: N> NcC, nw n,id(mn) =id(m)id(n)

Note that
7(n) = Z 1
dfn
and
o(n)=>d.
dn
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[ Proposition 11.3.16
If f: N — C is multiplicative, then
g(n) =3 f(d)
din
is also multiplicative.
Proof. Suppose m,n € N s.t. gcd(m,n) = 1. We want to show that
g(mn) = g(m)g(n).
By definition,
g(mn) = > f(d).
dlmn
Since ged(m, n) = 1,d = ged(m, d) ged(n, d).
From this, it can be seen that
Y, f(d) =3 f(didy). (@)
dlmn di|m
(12‘71
Since ged(m,n) =1, and d; | m,ds | n,
ng(dl,dg) =1.
Since f is multiplicative,
f(didz) = f(d1)f(d2).
Therefore from (1),
g(mn) = Z f(di)f(d2)
dl m
dgl"n
= > 2 fdi)f(da)
d1|m d2|n
=) (f(d1) 2. f(dz))
di|m daln
= ( > f(d1)) ( > f(d2))
dl\m dzl’ﬂ
=g(m)g(n)
O
Recall that
fR fR f(@)g(y) dz dy

- [ ( [ f@)de) ay
- (Lowan)( [ s aa).

116


https://jacob-southerncity.github.io/

jacob-southerncity.github.io 3 - Special Functions in Group Theory Jacob Ma

Also
N
Zaj[: arl +asl+--+anl
j=1
=(a1+-+an)l

N
=1 Z Cl]‘.
7=1

Suppose that we have an arithmetic function f: N — C.

Then define the function

g(n) = ;f(d)

¢ has a lot information about f.
Question. Can we recover f knowing g(n) for all n € N?

Answer. Yes! Mobius Inversion Formula.
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Chapter 12

Week 12: Mobius Inversion

12.1 Mobius Inversion

Recall from last class that given an arithmetic function

fN->C
I defined g : N — C given by
g(n):=2f(d)
din

Question: ¢ contains a lot of information of f. Can e recover f given g?

g()=>f(d)=f(1)

dJ

9@2)=2f(@)=fM)+f(2)=g)+[(2) = [(2)=9(2)-9(1)

e

gB)=2fd)=fM)+fB)=g(M)+f(3) = f(3)=9()-g(1)

FE

g@) =2 @) =fM)+f(2)+f(4)=g(D)+(g2)-gW)+[(4) = [(4)=9(4)-9(2)

dja

Can we recover f (n) for every n € N if we know g (n) for every n € N?

Answer: Yes!

[ Definition 12.1.1: Mobius Function |

The Mobius Function  : N — R is defined as follows:

1 ifn=1
p(n)=1(-1)" if n=pi--p., p;distinct primes

0 otherwise
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[ Proposition 12.1.2

u is a multiplicative function, i.e. if m,n € N such that gcd (m.n) = 1, then
p(mn) = p(m) p(n)

Proof. Clearly, if m or n = 1, then this follows from x (1) = 1.

If there is a prime p such that p? | m or p? | n, then pu(m) = 0 or u(n) = 0, respectively. Further more,
p? |mn = u(mn) =0 as well.

It remains to consider the case where

mM=p1Pr, MN=q1, e, p; distinct, g; distinct

Since ged (m,n) =1,
{plv"'apr} N {Qh "'7Qe} =g

Therefore,

p(mn) = p(prprggge) = (-1)°
=(-1)"(-1)°

= p(pr-pr) 1 (qi---ge)

= p(m) p(n)
O
[ Proposition 12.1.3
For every n e N,

1 ifn=1
dou(d) =
dn 0 ifn>1

=e(n)

Proof. Recall from last class that since p is multiplicative, so is

e(n) =Y u(d)

dln
Therefore, if n = p{*---pp*, o; > 1, p; distinct primes, then
e(n) =e(pi-pp*) =e(pi) e(s?) e (pp")
If n =1, then
e(1)=) pu(d)=p(1)=1

dn
It suffices to show that if n = p®, o > 1, p prime, then

e(p*) =0
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Computing this, we have
e(p”) = ), n(d)
dlp

=p (1) +p(p) +p(p®) + -+ p (p*)

=0

=1+(-1)
=0
O
[ Definition 12.1.4: e (n) and I (n)
For n e N,
1 ifn=1
e(n) =
0 ifn+l
I(n)=1
Theorem 12.1.5: Mobius Inversion Formula
If f-N - C and for every n ¢ N
g(n):=3 f(d)
dln

then

£ =S n(%)o @)

din
The converse is also true: if f is given as above in terms of g, then g satisfies the above formula in terms of

f.
Note that

Zu(Z)g(d)=dZnu(d)g(Z)-

dln

Indeed, d ranges over all divisors of n if and only if n/d ranges over all divisors of n (as d ranges over all divisors of

n).
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[ Definition 12.1.6: Dirichlet Convolution |

Given, f,g: N> C,

()= Y F@g(5)

din

= Z f(d1)g(da)

d1 d2 =n
di,d2eN

=(g+f)(n)

In the language of Dirichlet convolutions,

SI@ =2 @1(5) =11

din dln

The statement that

> () = e(n)

dn
is equivalent to p * I =e.

Mobius Inversion is equivalentto g= f* [ < f=pu*g.

[ Proposition 12.1.7

Given f,g: N > C,

(1)
frg=g+f
(2)
(frg)*h=fx(g=*h) Associativity
(3

fre=f

Proof. (1) is clear.
For (2), note that

(frg)*h)(n)= > (f*g)(d1)h(d2)

d1 dzzn
dyid2eN

= 2 f(u)g(v)h(ds)

uvda=n
u,v,doeN

You can similarly show that

(F*(g*m)n)=" 3 flu)g(v)h(dz)

u,v,dseN
uvdo=n

For (3), note that

(7 xm =S f(5)e(@ = 1)

din
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O
Proof of Mébius Inversion using this formalism.
g(n) =2 f(d)=(f*I)(n) = g=1Ix[
din
We also know that u * I = e. Therefore, using the previous proposition,
prg=ps (L f)=(ux)sf=cxf=].
that is,
n
s =¥ u(4) ).
din d
Conversely, if this is satisfied, f = u * g, and so convolving with I on both sides gives
Ixf=Ix(prg)=(xp)rxg=exg=g,
that is,
g(n) = f(d).
din
O

Remark. If A*:={f:N - C| f(1) # 0}, Then (A%, *) is a group.

Problem 40
Show that for every n € N,

- Zu(g)f(d).

dln
Solution
By definition,

By Mobius inversion,

Problem 41

Show that

w(n) =nz@
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Solution

Recall from Gauss’ Lemma that

n= Z(p(d).

dln

Applying Mo6bius inversion, we obtain

p(n) =Y u(d)-

din
p(d)
=n —_—,
27

as required.

One could use this to show that

o(n) :n(l_p%)m(l_pik)

if n = p{*--pp*,a; > 1,p; distinct. This would give a non-probabilistic proof of this formula that we saw

earlier in the course.

Problem 42

n= Zu(%)a(d).

dln

o(n)=>d.

dln

Recall that Gauss’ Lemma states that for every n € N,

id(n) =n=>¢(d).

din

By Mobius inversion,

o) = Y ide( ) (@)

din
n
=2 —u(d)
dln d
p(d)
=N —_—
274
% is a multiplicative function, and so
d
o) =n 3 40
din d

is a multiplicative function. This is a new proof that ¢ is multiplicative.

I want to give a new proof that if n < p{*---pi'*, a; > 1, p; distinct primes, then

w(n) :n(l—pil)m(l—pik)
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The idea of the proof is the same idea I used to show that

1 ifn=1
w(d) = .
%ﬂ:() {0 ifn>1

Since ¢ is multiplicative,

e(pT-opt) = Py ) (pp*)

For each prime p and o > 1 to

oy ol 2 pp)  w(? n(p®
S(p%) = p ()+ ()+ (2)+”+ (a)
1 D D D
=0 by def. of

Therefore,
e(Pitpp*) =p 1(1—f)p“2(1—i)---p“"‘(1—f)
1 1 )Pz k ™
1 1
e (12 1) (12 1)
ook p1 Pk
1
SR
b1 Pk
Problem 43

Suppose f:N — C (or R) s.t. for every n € N, f(n) # 0 and is multiplicative. Then find a formula for

) e 5 D)
g(n): C%Lf(d)

Solution

Since ¢ is multiplicative,

o(pyti*) = e(pFh)-o(pr*)

For each prime p and o > 1 to

=0 by def. of

124


https://jacob-southerncity.github.io/

jacob-southerncity.github.io 1 - Mobius Inversion Jacob Ma

Therefore,
1 1 1
) = (1= L) (12 L) (1- 1)
e(p1'py*) =Pl ( .y L o) P o
N 1 1
ot 12} )
P Pk
1 1
e
D1 Dk
Problem. Suppose f: N — C (or R) s.t. for every n € N, f(n) # 0 and is multiplicative. Then find a formula

for
p(d)
i f(d)

Since u, f are multiplicative, so is & (note that f never vanishes).

g9(n) =

If n = 1, then we have
p(d) p(1) 1

9= 250 T i) T T

dJl

For n > 2, write

n=pitpe®, o > 1, p; distinct primes.

Then

g pet) = gt )-9(py*)
_ wd | (d)
|2 f(d)) (E f(d))

p(1) u(p1)+u(p1) L )
fQ)  fp)  f3) f(i)

=0

p(D) | pler) | pR) | ")
OO NI

=0

_(1_ 1)“.(1_ 1)
\r@ ) f)  fpr)

Note that if you expand

w(n) :n(l— pil)(l_pik)

1 1 1 1
=n 1—(—+--~+—)+Z - > _
h1 Dk ir#iz Pi1Diz 41,12,i3 distinct Diy Pisy Pis

This could be interpreted using the principle of inclusion-exclusion. In fact, Mobius inversion may be put

within a general framework that specialize to both Mobius inversion and the principle of inclusion-exclusion.
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12.2 Multiplicative version of Mobius inversion
Theorem 12.2.1

Suppose f:N - N and let
g(n) =1 f(d)

dln
Then
7(n) = TTg(ay

dln

Proof. Take logarithms to reduce to

log g(n) = Y log f(d)

dln

VT log £(n) = 3 u(5) log g(d)
dln

= Zlogg(d)“(%)
din

= log [T g(a)"(®

din

=5 f(n) = [Tg(@) @,

dn

Problem 44
Suppose a1, as, -+ is a sequence of natural numbers s.t.

ng(a'mm an) = Qged(m,n)-

Show that there is a unique seq of natural number by, bo, --- s.t. for every n € N,

ap = Hbd

dln
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Chapter 13

Week 13: Quadratic reciprocity

13.1 Quadratic reciprocity

Recall the following theorem.
Theorem 13.1.1

Suppose p is an odd prime. Then 2% = -1 (mod p) has a solution if and only if p= 1 (mod 4)

Question. Suppose a € Z and p is a prime. When does

z?=a (mod p)

have a solution?

[ Definition 13.1.2: Legendre Symbol

Suppose a € Z, p prime (almost always odd).

Then
0 ifpla

a
(;) =4-1 ifz?=a (mod p) has no solutions

1 otherwise

[ Definition 13.1.3: Quadratic Residue

a € 7 is a quadratic residue mod p if

z?=a (mod p)

has a solution.

Otherwise, a is a quadratic non-residue.
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Theorem 13.1.4: Reformulation of previous theorem
If p is an odd prime, then
-1 p-1
()
p
Indeed, if p=1 (mod 4), then
-1 p=1
4‘]3—1 — 2‘]’2 — (-1)"7 =1.
If p=3 (mod 4) then p—1 =4k + 2 for some k ¢ Z — % =2k+1lisodd = (-1)7 =-1.
Theorem 13.1.5: Euler’s criterion
If p is an odd prime, then
(E) za'T (mod p)
p
If p | a, then by def,
(9) - 0.
p
Also
pla®
If p 4 a, then by Fermat’s Little Theorem,
a?'=1 (mod p)
— pla”-1=(a"T -1)(a"T +1)
= p|(ap2;1—1) 0rp|(ap771+1)
— "7 =11 (mod p)
To prove the above theorem, it suffices to show that if p 4 a, then
o’ =1 (mod p) < ais a quadratic residue.
Proof of (<). If 22 = a (mod p) has a solution, then
a% = (xz)p?71 = (L’p_l FéT 1 (mOd p)
Note that since p + a and x? = a mod p, p + 2 as well and so FLT may be applied. O

Remark on previous material:

(1) Mobius Inversion formula is a number theoretic version of the fundamental theorem of calculus.

(2) Mobius inversion was generalized beyond number theory in the 60’s, Gian Carlo Rota wrote some papers on

Mobius inversion on posets.

(3) Recall the prime number theorem:

m(x) ~

loga
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It is known that this is equivalent

lim ZnSN /,6(7’7/) _
N—oo N

0.

(4) Riemann hypothesis (one of the most important conjectures yet to be proved) is equivalent to showing that

for any € > 0,

lim ! > u(n)

1
N—oo N3t€ n<N

is bounded.

[ Proposition 13.1.6

If p odd prime and p + a, then
a'T =1 (mod p) < 2% =a (mod p)

has a solution.

Proof. 1showed that if 22 = a (mod p) has a solution, then
az =1 (mod p)

Suppose now that 22 = & (mod p) has no solution. We must show that

p—1

a? =-1 (mod p)

Consider the set
S = {13 2733 Y 2 1}

For each i € S, find j € S such that
ij=a (mod p)

j must be unique. If you choose j, then by uniqueness again, it will be paired with .

Since a is not a square mod p, j # i. This fives us a pairing between the numbers

We have a total of ”2;1 pairs such that for every pair {4,j}, ij = a (mod p).
Therefore,
(p-1)!=a""  (mod p)

By Wilson’s Theorem, the left hand side is = -1 (mod p). O

Theorem 13.1.7

a,b € Z, p odd prime

(1)

(%)
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2
(2)-cv

(3) The product of a nonzero (mod p) quadratic residue and a quadratic non-residue is a quadratic non-

residue.

(4) The product of two quadratic non-residues is a quadratic residue.

Proof of (1). By Euler’s criterion,

Since

)0
“ () (2)(2) -0
s () (2) ()

Contradiction. Therefore,

)90

Example 13.1.8. Consider mod 5.

The possible squares mod 5 are

0°=0 (mod5
12=1 (mod5

2 _ 0,1,4 are the only quadratic residues mod 5;
27=4 (mOd 5) 2,3 are the quadratic non-residues

32=z4 (mod5

42=1 (mod5

130


https://jacob-southerncity.github.io/

jacob-southerncity.github.io 2 - Quadratic Reciprocity of Gauss Jacob Ma

[ Proposition 13.1.9

If a=b (mod p), then

Example 13.1.10.

and

So
as predicted by Euler’s criterion.

Example 13.1.11.

Example 13.1.12.

Example 13.1.13.

Example 13.1.14.

13.2 Quadratic Reciprocity of Gauss
If you have two odd prime p, ¢, quadratic reciprocity will tell us that studying

z?=p (mod q)
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is intimately related to studying x2 = ¢ (mod p)

Theorem 13.2.1

If p, q are distinct odd primes, then

Example 13.2.2.

Thus 3 is not a quadratic residue of 17.

Example 13.2.3.
(55)-(55) ()
e (1) e
()
1
--(5)5)
=-1

Thus, 15 is not a quadratic residue of 19.

19

(7

5

)

This computation demonstrates the general procedure. Of course, we could also do the computation as

follows without using quadratic reciprocity:

(5)-(5)-(5)(%)-
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Il

(1) (i)
i) (i)

y 2
" (5)

Proposition 13.2.4

If p is an odd prime, then

(If z is odd, then 8 | 22 - 1)

Continuing with the example, we have

(F)--(3)- oo

Note that
192 -1=(19-1)(19+1)
=18-20
=923.32.5
and so
192 -1
) =45

8
192-1

(-1 ()" = (1) (-1 =1

Another argument:

By applying the proposition, we obtain

We could also proceed by noting that
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Problem 45

Find all odd primes p such that
z?=-3 (mod p)

has a solution.

Solution

If p=3, then 22 = -3 =0 (mod 3) has = = 0 as a solution. So let’s assume that p # 3. Then we want to find all

)

odd p # 3 such that

Forp # 3,

Answer: p=3orp=1 (mod 3).

[ Proposition 13.2.5

There are infinitely many primes p =1 (mod 4), i.e. 1,5,9,--- has infinitely many primes.

Proof. Assume to the contrary that there are finitely many such primes
D15 Dke
Note that there is at least one such prime, 5, for example. Consider
Ni=(2ppp)’ +1>1
There is an odd prime p | N,

p|N = (2pl~--p;€)2 +1=0 (mod p)
— z?=-1 (mod p) has a solution
-1
= (7):1 = p=1 (mod 4).
p
In the final implication, I used that p must be odd. It is also clear that

p¢ {plv"'apk}‘
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Contradiction. O

Theorem 13.2.6: Dirichlet

If n e N and a € Z such that
ged (n,a) =1,

then there are co many primes p such that
p=a (modn)

In fact, asymptotically,

#{pprimestp=a (modn), p<a}~ -z
¢ (n)logx
Problem 46
Suppose p is a prime such that
p=a?+ay+y°
for some z,y € Z.
Thenp=3orp=1 (mod 3).
Solution
It is easy to see that p = 2 is not of this form.
On the other hand,
3=1%+1-1+1> z=1,y=1
= 3 is of this form.
Let’s assume that p is an odd prime # 3 and
p=a?+ay+y? for some z,y € Z @)
(1) implies that
Ap = 42% + dzy + 4y°
= ((233)2 +2-(22)y+ yz) + 3y
=(2z+ y)2 +3y°
— (2v+y)"=-3y> (mod p) @)
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If p|y, then y =0 (mod p), and so

(2z)% = (22 +y)*

-3y
=0 (mod p)
— p|4a?

= plz
We then obtain

p=2+zy+3°=0 (mod p?)

—p’ |p
a contradiction. Therefore, p + vy, and so there is a z such that
yz=1 (mod p).
Consequently, (2) implies that

22 (22 +y)? = -3y%2>

=-3 (mod p)

This means that -3 is a quadratic residue modulo p, i.e.

p:#”>(;3):1
P

= p=1 (mod 3).

The final conclusion follows from two problems ago.

Problem 47

Show that if n € N, then no prime divisor of 2" + 1 is = -1 (mod 8).

Solution

Suppose n is even, and p is a prime such that p | 2" + 1. Then

-1= (2%)2 (mod p)
= 1= (_—1) = (—1)% = p=1 (mod4)
p

In particular,
p#-1 (mod 8)
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Assume now that n is odd. In this case
n+1

€ Z,andso

ey o
=-2 (mod p).

Therefore,

However,

If p=-1 (mod 8) , then
p=8k-1 forsomekeZ

21 ((8k—1)2—1)

— =

8 8
642k - 16k .
=————— iseven.
8
On the other hand,
p-1_ (8k—-1)-1
2 2
=4k -1 isodd.

These computations imply that if p

-1 mod 8, then (%) # 1. Therefore, again, we cannot have
p=-1mod 8.

The conclusion follows.

Theorem 13.2.7

If @ > 1 is a natural number that is not a square, then

for co many primes p.
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Problem 48

If f € Z[X] of degree 2 such that for any prime p, there is n € N such that p | f (n), then all roots of f are
rational.

[ Proposition 13.2.8

If p is an odd prime, then

Lemma 13.2.8.1: Gauss

Suppose p is an odd prime and a € Z, p 4+ a. Consider the numbers

and

a,2a,3a,---,a(p_1).
2

Reduce these numbers and choose remainders in

p-1
2

_p-l
2

after division by p.

Let [ be the number of such remainders that are < 0. Then
2)-con
p

Reminder on division algorithm: Given x € Z, then we may write

x=bp+r, where 0 <r<pbeZ

In stead, you can write

-1 -1
p £s<p—

T =cp+s, where — 5

Proof of lemma. Let the remainder of a: mod p lying in —”2;1 <r < 2% be denoted by a;.

Then it is clear that

-1
1<a;] < 2
2
for every i.
We claim that for every pair i # j, |a;| # |a;|.
Indeed, if |a;| = |a;|, then
a; = :taj (>(-)

Since
a; =ai modp,a; =aj mod p,

(*) = pla(i-j)orpla(i+j)
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Since p + a, thismeansp |i—j orp|i+ j. Since _;72;1 <i,j< p—;l, this is only possible if
i=3.
Therefore, the |a;| are distinct.
Therefore,
-1 -1
(_1)la1...a%_l = larffapz | =11 2...p2 - (p . )17 1)
and so
-1
ay--ap = (-1)! (pT)'
On the other hand,
p-1 =1 (D—
ar--ap = (a)(2a)---(( 5 )a) =a > ( 5 )' (mod p) 2)
Combining (1) and (2), we obtain
1 P
(_1)1(192 ) =a% (pz )' (mod p)
(25! -
M) et e, 3)
By Euler’s criterion,
(a) =a'T (mod p)
p
Combining with (3), we obtain
(%)= 1" (modp)
'podd
SE(2) - ()
p
O

We can use this to prove the proposition that for odd p,

ERE

Indeed, if we consider

-1
]-7 2; 37 K] b )
2
it is easy to see that exactly for
p
1<j<|~],
! LLJ
we have 2; leaving positive remainder, and that for
-1
4 2

27 has negative remainder in [—p—;l, p-ly

It is an exercise to show that
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from which the conclusion would follow.

Problem 49

Find all odd primes p s.t.

Solution

Clearly, if p = 7, then this is not satisfied. Therefore, assume p # 7.

Applying quadratic reciprocity,

There are two main cases:
1. (-1)*= =-1and (&)=-1.
2. (-1)’= =1and (&) =1

The nonzero quadratic residues mod 7 are

12=1 (mod 7)
22=4 (mod 7)
32=2 (mod 7)

42=3%=2 (mod 7)

— nonzero quadratic residues: 1, 2,4, and quadratic non-residues: 3,5, 6.

1.
=3 (mod4
b ( ) = p=3 mod 28
p=3 (mod7)
p=3 (mod4
( ) = p=19 mod 28
p=5 (modT7)
=3 (mod4
p=3 (modd) o7 mod 28
p=6 (mod7)
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2.
=1 (mod4
P ( ) = p=1 mod 28
p=1 (mod?7)
p=1 (mod4
( ) = p=9 mod 28
p=2 (mod7)
=1 (mod4
p=1 (modd) o5 mod 28
p=4 (mod7)

Therefore we have
p=1,3,9,19,25,27 (mod 28).

Problem 50

If p = 22 — 7y? is a prime (z,y € Z), what can say about p?

Solution

Let us assume for now that p # 7. Reducing mod p, we must have

z?=7y*> mod p.

p + y; otherwise p | z,y == p*| 2% - Ty* = p which is a contradiction.
Therefore, there is a z s.t.
zy=1 mod p.
Multiplying by 22, we obtain
(22)? = 222% = 7y?2% = 7(y2)?* =7 mod p
7

p#ET

p

What about p = 7? Can we write 7 = 22 — 7y? for some z,y € Z?

No. Indeed, if this were possible, then

T(1+y%) =2°
= 7|z
= g = Tx; for some x; € Z.
— 7(1+y?) = (Tx1)? = 4927

—1+y*=722=0 mod 7

27 (7):1 — p=1,3,9,19,25,27 mod 28.
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Thus there is a contradiction.
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Chapter 14

Week 14: Final Review

Induction < Well ordering principle

1+2+ 3 4o+ = M
2
[ Property 14.0.1: Combinatorial identities
-1 -1
(Z) = (n f ) + (Z ~ 1) (Pascal’s identity)

Example 14.0.2.
S k(k - 1) (k - 2)(2) =n(n-1)(n-2)2"3
k=0

Proof.

()50
_n(n- 1) (n-2
=

~_n(n-1)(n- 2)(n 3)

o k(k-1)(k-2)\k-3

We could also prove such identities by giving arguments.

Theorem 14.0.3: Newton’s binomial theorem

(@b =3 (Z)akb”‘k

k=0
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In particular,

1+2)" = i (Z)xk

k=0

n(1+z)" Zk( )
n(n-1)(1+x)"?= Zk(k 1)( )
n(n—l)(n—2)(1+x)n73:];)k(k_l)(k_Q)(k)xk—S

We briefly touched on Fermat’s Little Theorem.

Theorem 14.0.4: Fermat’s Little Theorem
If p is a prime, a € Z, s.t. p + a, then
pla?™ -1,ie.a? =1 (mod p)

In general, a” = a mod p for any a € Z

The first used that if p is a prime, then

p’(Z)foranylgkgp—l

We discussed ged’s.

The foundation was
Theorem 14.0.5: Bézout
If a,b € Z, at least one of which is nonzero, then
ax + by = ged(a, b)

has integral solutions.

In particular,

ax + by = 1 has integer integral solutions <= ged(a,b) =1

In relation to ged and lem, we talked about p-adic valuations.
If
m=pitppt a2 0
n= pl pk ,B8: 20
, then

Inln{(xl,,ﬁl} .pmin{(xk.ﬂk}
k

ged(m,n) = py
We also had the Euclidean algorithm for computing gcds.
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This method was useful for solving equations of the form

ax +by =c.

Theorem 14.0.6

If (xo,90) € Z x Z. such that

axg +byo = ¢,

Then all solutions are given by

_ _ b
T =20~ geaant

, teZ
Y=Y+ geaan
Theorem 14.0.7
For a,b e N,
ab
1 b) = ————
emle) = cd(a,b)
Problem 51

If a,b e Ns.t. ged(a,b) = 1, then show that

lem(a? +6%,6° + a®b+ b*) = b(a? + b%) (b* + o + b?).

There is a class of problems had to do with the non-existence of integer solutions.

Problem 52
Show that
22 + 4% = 400022 + 3 @)
has no integer solutions.
Solution
Replace mod 4 to obtain
z2+3%>=3 mod4 ")

If an integer solution (x,y,z) to (*) were to exist, then (xx) would have solutions. Modulo 4, the quad
residues are 0 and 1 and so

m2+y250,1, or2 mod 4

145


https://jacob-southerncity.github.io/

jacob-southerncity.github.io Jacob Ma
[ Proposition 14.0.8
If x is odd, then
z2=1 mod 8.
Proof. Write x =2k + 1,k € Z, then
2? = 4k* + 4k + 1
=4k(k+1)+1
=1 mod8
O

Problem 53

Are there odd integers x,y, z,w, u, v S.t.

22+ % + 22 +w? +u? = 80W% + 77

Solution

For any odd a € Z, a®> =1 mod 8.

If a solution exists, then
2

while the right hand side is =7 mod 8.

2+ +22+w?+u?=5 mod8,

You could also do this modulo 4, since an odd number squared is also 1 modulo 4. The right hand

side would be 3 modulo 4, while the left hand side would be 1 modulo 4. (Sorry for forgetting that the

numbers are odd when saying in class that modulo 4 it would not have worked! A memory lapse.) If we

only had three variables on the left hand side, then modulo 4 would not have worked while modulo 8 would

have worked.

Problem 54

Are there integer solutions to
2 +y? - 11227 = 5837

Solution

Reducing modulo 11, we obtain
z2+4?>=0 mod 11

2 2

= z“=-y° mod 11.
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Claim. 11 + y.
Assume to the contrary that 11 | y. Then

#?=—-y*=0 mod 11
= 11| z,y
— 112 |2? + ¢y - 11%2% =583 = 11 - 53,
a contradiction.

Therefore, there is a w € Z s.t.

yw=1 mod 11,

and so
(zw)? = —=(yw)* = -1 mod 11
—— (_—1) =1
11
However,
—1 11-1
—)=(-1)"7 =(-1)°=-1
(7)o -
Problem 55

Let a; =5,a2 =19 and a,, = a,,_1 + 2a,_» for n > 2.
Show that for every n,
ged(an, ane1) = 1.

Solution

We apply induction on n. If n = 1, then we have
ged(aq, az) = ged(5,19) = 1.

Now suppose

ged(ag, ags1) = 1.
For n = k + 1, we have
ged(ags1, ags2)
= ged (g1, ager + 2ax)
= ged(ape1, (are1 + 2ax) — ags1)
= ged(ags1,2ak)

= ged(agsr, ax),

which is 1 by the inductive hypothesis.
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Problem 56

Suppose p and ¢ are distinct prime numbers. Then show that

VP +\a+\/pa
is irrational.
Solution
We know that if | /p is rational, then
Vp=—,7,y€eN
2 _ 2

Apply v, to obtain
vp(p) +20p(y) = Up(pr) = Up(xQ) = 2up().
Assume to the contrary that
x
VP Va4 +Pg = ;, z,y €N
x
— A+ BI= B

2
square

T 2x
=>q+2qﬁ+pq:?—; p+p

2
FHrp-1-pg
p—r p = 72 %
q+
If you want to show divisibility, say
alb,

then by unique prime factorization, it suffices to show that for all primes p,

vp(a) <wvp(b).

Recall that

Up(ng(alv ) an)) = min{vp(a1)7 ) Ul)(an)}a

vp(lem(aq, -+, an)) = max{v,(a1), -, vp(an)}.
Theorem 14.0.9

e and 7 are irrational.

We discussed counting primes.
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Theorem 14.0.10: PNT

Theorem 14.0.11: Euler

IfneN,aeZ ged(a,n) =1, then

Problems involving Euler’s theorem:

Problem 57

Find 2'%99 mod 100 and 3'°%° mod 100.

If you want to find

write n = pi*--pp*t.

Then compute

for each i.

Problem 58

Find the last two digits of 7190

Solution

We need find 7'°°° (mod 100).

T
(@)~ log x

a?™ =1 mod n.

a™ (mod n),

a™ (mod p7)

m

a™=a; (mod pi)

a™ =ap (mod pr*)

e(p*) =p*(p-1)

e(p®) =p(p-1)
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¢ (100) = ¢ (2% -5%)

=¢(2%) ¢ (5)
=2(2-1)-5(5-1)
=40

Since 1000 = 0 (mod 40), 7990 =70 = 1 (mod 100)
Answer: 01

If we want to use the CRT, we would have to compute

71000 = 1 (mod 22
( ) — 7199 =1 (mod 100)
71900 = 1 (mod 52)

Problem 59

Find the last two digits of 6%3.

Solution

We need to compute 652 mod 100. ged (6,100) = 2 # 1. so we need to apply CRT.
6 =0 (mod 4)

It remains to find

632 mod 25
©(25)=5(5-1)=20

and
83=3 (mod 20)
Therefore
653 = 6°
=36-6
=11:6
=66
=16 (mod 25)
We have

6%3=0 (mod 4) Uniqueness of CRT
Pe—

6®* =16 (mod 100)
653 =16 (mod 25)
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Theorem 14.0.12: Lagrange
If G is a finite group of order |G|, then for every g € G,
g%l =e

Euler’s theorem = Lagrange applied to (Z/nZ)"

[ Property 14.0.13: Special Functions

‘o
¢ 7(n)=Ygnl
* o (n)=Yy,d
<

[ Proposition 14.0.14

If n=pi"-pl*, a; > 1, p; distance primes, then

7(n) = (a1 +1)-(ag+1)

o'(n) = (]_ +p1+ p(lj‘l) (]_ +pp + p:k)

) (p(lx1+1_1)m(pzck+1_1)
p1-1 pr—1

Problem 60

What is the sum of all divisors of 90 that are divisible by 3?

Solution

The prime factorizations of 90 is 2- 32 - 5. Therefore, the answer is

(1+2)(3+3%)(1+5)=3-12-6
=36-6
= 180 + 36
=216

Note: This is specific to numbers divisible by 3 since we are not containing 3° = 1 in (3 + 32).
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You could write this as

s (22

O<a1<1 O<a<1 1<aa<2 0O<as<l
1<aa<2
O<az<l
=(1+2)(3+3%)(1+5)
=216
| Definition 14.0.15
1 ifn=1

p(n)=1(-1)" ifn=pi-p,,p; distinct primes

0 otherwise

Theorem 14.0.16: Mobius inversion formula

Suppose f,g: N>R

Then if for every n,

gm) =31 (@)= f ) =Yu(5)s(@

din dln d

Problem 61

Show that

n:dz;lu(;b)a(d).

Solution
By Mobius inversion, this is equivalent to showing

o(n)=>Y.d  foreveryn
din

This is true by definition.

Problem 62

Show that
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Solution

By Gauss’ Lemma,

n=>y ¢(d)

din

By Mobius inversion formula, we obtain the result.

[ Proposition 14.0.17

If f:N - R is multiplicative, i.e, if m,n € N such that ged (m,n) = 1, then g : N —» R given by

g(n):=3 f(d)
din
is also multiplicative
Problem 63
Compute
w(d
O

in terms of the prime factorization n = p{"*---p;*

Solution

e) _

12 !

fQ)=

d~ ”sf) is a multiplicative function, and so f is a multiplicative function.

Therefore for n = p{"*---py* > 1, it suffices to compute each f (p), p prime:

f(n)=f @) -f(op*)
() (e
=11 -1
( + p(1)41+1 + pgk+1
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o ¢ (d)
fF®*) =3 .
dlpe
_e@) v (p*)
T2 p2e
.. p-1 p(p-1) p* ' (p-1)
=1+ p? pt p2e
1 1 1
=1+(p-1) F+]¥+ +pa+1:|
p-1 o
=1+ (p(”l) [T+p+-+p*7!]
14 p-1[p*- 1]
p*+1Lp-1
> -1
=1+ % +1
p(X
Problem 64
What can you say about primes of the form
p=a?+ 2xy + %7
Solution
22+ 2zy + 4y% = (z +y)? + 32
Therefore,
(z+y)*=-3y> (mod p). (+)

Note that p = 3 is such a prime, take z = -1,y = 1.
Let’s assume p # 3.

If p | y, then (*) implies that p | z.

Therefore,

p* | a? + 2y + 4y* = p,

a contradiction.

Therefore, p + y, and so thereis a z s.t. zy =1 mod p, and so

(z(z+9))*=-3(2y)* = -3 mod p
-3
—— (?) =1
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